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1 Real Numbers

There are two ways to introduce the real numbers. The first is to give them
in an axiomatic way, the second is to construct them starting from the natural
numbers. We will use the first method.

The real numbers are a set R with two binary operations, addition

+:RxR—R
(z,y) — 2 +y

and multiplication

RxR—R
(z,y) — 2y

and a relation < such that (R, +,.,<) is an ordered field, that is,

(A) (R,+) is an commutative group, that is,

=

1) for every a,b € R, a+b=0+a,
(As) for every a,b,c € R, (a+b)+c=a+ (b+c),

(A3) there exists a unique element in R, called zero and denoted 0, such
that 0+ a =a+ 0 = a for every a € R,

(A4) for every a € R there exists a unique element in R, called the opposite
of a and denoted —a, such that (—a) + a = a+ (—a) =0,

M) for every a,b € R, a-b=10b-a,
(Ms) for every a,b,ceR, (a-b)-c=a-(b-c),
M3

) there exists a unique element in R, called one and denoted 1, such
that 1 20 and 1-a =a -1 = a for every a € R with a # 0,

(My) for every a € R with a # 0 there exists a unique element in R, called
the inverse of a and denoted a~ !, such that ™! -a =a-a" ' =1,

(O) < is a total order relation, that is,

(Oq) for every a,b € R either a <bor b < q,

(Og) for every a,b,c € Rif a <band b <c, then a < ¢,
(O3) for every a,b € Rif a <band b < a, then a =,
(O4)

for every a € R we have a < a,
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(AM) for every a,b,ce R, a-(b+¢)=(a-b)+ (a-c),

—~

(MO

)

AO) for every a,b,ce Rifa<b a+c<b+ec,
) for every a,b e Rif 0 < a and 0 <b, then 0 <a-b,
)

supremum property
S t

Remark 1 Properties (A), (M), (0), (AM), (AO), (MO), and (S) completely
characterize the real numbers in the sense that if (R, &, ®, X) satisfies the same
properties, then there exists a bijection T : R — R’ such that T is an isomor-
phism between the two fields, that is,

T(a+b) =T (a)dT (), T(a-b)y=T(a) T (b)

for all a,b € R, and a < b if and only if T (a) < T (b). Hence, for all practical
purposes, we cannot distinguish R from R’.

If a < band a # b, we write a < b.

Exercise 2 Using only the axioms (A), (M), (0), (AO), (AM) and (MO) of
R, prove the following properties of R:

(i) ifa-b=0 then either a =0 or b =0,
(i) if a > 0 then —a <0,
(iii) if a < b and c < 0 then ac > be,
(iv) for every a € R we have a® > 0,
(v) 1> 0.
Definition 3 Let E C R be a nonempty set.

(i) An element L € R is called an upper bound of E if x < L for all x € E;
(ii) E is said to be bounded from above if it has at least an upper bound;

(iii) if E is bounded from above, the least of all its upper bounds, if it exists, is
called the supremum of E and is denoted sup E.

(iv) E has a maximum if there exists L € E such that x < L for all z € E.
We write L = max E.

We are now ready to state the supremum property.

(S) (supremum property) every nonempty set £ C R bounded from above
has a supremum in R.

The supremum property says that in R the supremum of a nonempty set
bounded from above always exists in R.



Remark 4 (i) Note that if a set has a mazimum L, then L is also the supre-
mum of the set.

(ii) If E C R is a set bounded from below, to prove that a number L € R is
the supremum of E, we need to show that L is an upper bound of E, that
is, that x < L for every x € E, and that any number s < L cannot be an
upper bound of E, that is, that there exists x € E such that s < x.

Definition 5 Let E C R be a nonempty set.
(i) An element £ € R is called a lower bound of E if £ < x for all x € E;
(i) E is said to be bounded from below if it has at least an lower bound;

(iii) if E is bounded from above, the greatest of all its lower bounds, if it exists,
is called the infimum of E and is denoted inf E;

(tv) E has a minimum if there exists £ € E such that { < z for allz € E. We
write { = min E.

Remark 6 (i) Note that if a set has a minimum £, then £ is also the infimum
of the set.

(ii) If E C R is a set bounded from above, to prove that a number £ € R is
the infimum of E, we need to show that £ is a lower bound of E, that is,
that ¢ < x for every x € E, and that any number £ < s cannot be a lower
bound of E, that is, that there exists x € E such that © < s.

Example 7 Consider the set
E={yeR:y=arctan (|2> - 1|+ 1), z € R}.

Since —5 < arctant < 5 for all t € R, the set E is bounded. Let’s prove that
the minimum of E is

1
inf E = arctanl = ZW'

Since

d 1

— (arctant) = —— >0,

dt( retant) t2+1

the function arctant is strictly increasing. If x # +1, we have that ’mQ — 1|+1 >
1, and so arctan (}xQ - 1‘ +1) > arctan 1, while if v = 1, y = arctan (04 1) =
- Hence, min E = iﬂ'. To find the supremum note that since arctant < 5 for
all t € R, we have that 5 is an upper bound of the set E. To prove that it is the

supremum, we need to show that any s < 5 is not an upper bound of E. Since

™

. 2 _ T
xlirgoarctan(’x — 1’ —|—1) =3

for every e > 0 we can find M > 0 such that

arctaun(’az2 - 1‘ + 1) - g‘ <e€



for all x > M, that is,
g—5<arctan(|x2—1’+1) < g—i—e
for all z > M. Taking 0 < e < § — s, we have that 5 — ¢ > s, and so

s<g—5<arctan(|m2—1|+l)

for all x > M, which shows that s is not an upper bound of E. Hence, % is the
least upper bound of E. This implies that

7r
E=—_.
sup 5
Wednesday, January 16, 2013
Example 8 Consider the set

The set E is bounded since —% < m;fyz < % for all x,y € R, with x < y.

Moreover, by taking v = —1 and y = 1, we get t = 5, so

inf E =minFE = —%.

Let’s prove that

1

E=-.

sup 5
We need to show that any s < % is not an upper bound for the set E. If s < —%,
then we can take x = —1 and y = 0, so that s < t = 0. Thus assume that

f% <s< % Take the y = 1. Since
. 1
lim —— = —,
r—1— .’172 + 1 2
for every e > 0 we can find 6 > 0 such that

T 1
241 2

'<s
foralll—0 <x <1, that is,
SR
—e< ——<-+¢
2 241 2
foralll—0 <z <1. TakingO<8<%—s,wehavethat%—£>s,andso

< L < .%'

s<-—e< 55—

2 x2+1

for all 1 —§ < x < 1, which shows that s is not an upper bound of E. Thus, %
18 the supremum of the set. Note that t = % = % only if x =y, which is not
allowed, so the set does not have a mazximum.



2 The Euclidean Space

Definition 9 A vector space, or linear space, over R is a nonempty set X,
whose elements are called vectors, together with two operations, addition and
multiplication by scalars,

XxX-—-oX d Rx X —-X
(@) —z+y T ()t

with the properties that
(i) (X,+) is a commutative group, that is,

(a) x+y=y+x forall x,y € X (commutative property),
(b)) x4+ (y+2)=(x+y)+ 2z forall x,y,z € X (associative property),

(c) there is a vector 0 € X, called zero, such that x +0 =04z for all
zeX,

(d) for every x € X there exists a vector in X, called the opposite of
and denoted —z, such that x + (—z) =0,

(ii) for all z,y € X and s,t € R,
(a) s(tx) = (st)z,
(b) 1z =z,

(¢c) s(x+y) = (sz) + (s),
(d) (s+1t)x = (sx)+ (tx).

Remark 10 Instead of using real numbers, one can use C or a field F. For
most or our purposes the real numbers will suffice. From now on, whenever we
don’t specify, it is understood that a vector space is over R.

Example 11 Some important examples of vector spaces over R are the follow-
mg.

(i) The Euclidean space RY is the space of all N-tuples x = (x1,...,7TN)
of real numbers. The elements of RN are called vectors or points. The
Euclidean space is a vector space with the following operations

x+y:=(x1+y1,...,entyn), tx:=(txy,...,teN)
for everyt €R and x = (z1,...,2x) andy = (y1,...,yn) in RV,
(ii) The collection of all polynomials p : R — R.

(iii) The space of continuous functions f : [a,b] — R.



Definition 12 An inner product, or scalar product, on a vector space X is a
function
(L): X xX—>R

such that
(i) (z,2) >0 for every x € X, (x,x) =0 if and only if x =0 (positivity);

(ii) (x,y) = (y,z) for all z,y € X (symmetry);
(i) (sz+ty,z) =s(z,2)+t(y,2) forallz,y,z € X and s,t € R (bilinearity).

Remark 13 If X is a vector space over C, then an inner product is a function
(-,)) : X x X — C satisfying properties (i),

(1) (x,y) = (y,z) for all x,y € X (skew-symmetry), where given z € C, the
number Z is the complex conjugate;

(ii1) (sx +ty,z) =s(x,2)+t(y,z) foralx,y,z€ X ands,t € C (bilinearity).
Example 14 Some important examples of inner products are the following.
(i) Consider the Euclidean space RN, then
Xy =z1iyh+ -+ ITNYN,
where x = (z1,...,zN) andy = (Y1,...,YN), 1S an inner product.

(ii) Consider the space of continuous functions f : [a,b] — R. Then

b
(F9)2guay = | 1 (@)9(@) do
s an inner product.
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Definition 15 A norm on a vector space X is a map
Il + X — [0, 00)
such that
(i) ||x|| = 0 implies x = 0;
(i) ||tx|| = |t] ||=]| for all z € X and t € R;

(iir) ||z +yll < =]l + llyll for all z,y € X.



A normed space (X, ||-||) is a vector space X endowed with a norm ||-||. For
simplicity, we often say that X is a normed space.
Given an inner product (-,-) : X x X — R on a vector space X, it turns out

that the function
=]l == V(z,2), =z€X, (1)
is a norm. This follows from the following result.

Proposition 16 (Cauchy—Schwarz’s inequality) Given an inner product (-,-) :
X x X — R on a vector space X,

[z, 9)| < ll=[ Iy
forallz,y € X.

Proof. If y = 0, then both sides of the previous inequality are zeros, and so
there is nothing to prove. Thus, assume that y # 0 and let t € R. By properties

(i)-(iid),

0 < (z+ty,a+ty) =z + 6 yl* + 2t (z,y). 2)
Taking
(=Y
= 2
Iyl
in the previous inequality gives
2
2 (.T,y) 2 (Z‘,y)
0 < [l + === llyll” = 2°—=,
Iyl Iyl

or, equivalently,
2 2, 12
(z,y)” < =l llylI”-
It now suffices to take the square root on both sides. =
Remark 17 It follows from the proof that equality holds in the Cauchy—Schwarz
inequality if and only you have equality in (2), that is, if x + ty = 0 for some
teR ory=0.
Corollary 18 Given a scalar product (-,-) : X x X — R on a vector space X,
the function
lz]| := v/ (z,2), z€X,

1S a norm.

Proof. By property (i), ||-|| is well-defined and ||z|| = 0 if and only if z = 0.
Taking ¢t = 1 in (2) and using the Cauchy—Schwarz inequality gives

2 2 2
0<llz+yl”=ll=l"+llyll” + 2 (2,9)
2 2 2
< l=lI” + lylI” + 2 [l Tyl = =l + Tyl)”



which is the triangle inequality for the norm. Moreover, by properties (ii) and
(iii) for every t € R,

[tzll = /(te, tz) = v/t (z,t2) = V/t (to,2) = V12 (z,2) = [t] 2]

Thus ||-|| is a norm. m

Example 19 Other important norms that one can put in RN are

”X”Z‘X’ = max{|x1|,...,|xN|},

%[l == 21|+ + |z,

Illgp 1= (l2a? + -+ [an )7,
forx = (z1,...,zx5) € RY and where 1 < p < co.

The proof of the following theorem is left as an exercise.

Theorem 20 Let (X, ||-||) be a normed space. Then there exists an inner prod-
uct (+,+) : X x X — R such that ||z|]| = \/(z, ) for all x € X if and only if ||-||
satisfies the parallelogram law

2 2 2 2
o +yll” + llz —ylI” = 2l=[" + 2|y
forall x,y € X.

Example 21 Using the previous theorem, we can prove that some normed
spaces are not inner product spaces. The space RN with the norm |-||,, for
p # 2 is not an inner product . Take x = (1,1,0,...), y = (1,-1,0,...). Then
x+y=(20,...),x—y=1(0,2,0,...). Hence,
2 2 _ (9p\3 PV _
x4+ ¥l + [Ix = yllz = (27)7 + (27)7 =8
2 2
# 2%l + 21yl
n 2 2 2+2
=217+ 1P)r +2(1P + 17)p =277,

Definition 22 Given a set E and a function f : E — R, we say that f is
bounded from above if the set

f(E)={yeR:y=[(x), zcE}

is bounded from above. We say that f is bounded from below if the set f (F)
is bounded from below. Finally, we say that f is bounded if the set f(E) is
bounded.

Given a set E and a function f: E — R, we write

sup f :=sup f (F), i%ff =inf f (E).
E



Exercise 23 Given a set E, consider the vector space X := {f : E — R bounded}.
For f € X, define
11} += sup |f].

Prove that ||-|| is a norm.

Definition 24 Given a set E and functions f, : E — R, n € N, we say that
the sequence of functions {f,} converges pointwise in a set I C E to some
function f: F — R if

lm f, (@) = f (2)
for all x € F. We say that the sequence of functions {f,} converges uniformly
in a set FF C E to some function f: F — R if

lim Sup|fn - f| = 0.
n—oo F
Example 25 Let E = [0,1] and let f,, (x) = 2™, v € [0,1]. Then

i gm0 HOSz<L,
T T 1 dfa=1,

n—oo

and so the sequence {f,} converges pointwise in [0,1] to the function f defined
by
0 o<,
f(x)_{ 1 ifz=1.
On the other hand,

" if0 <z <1,

@ -r@i={ 5 1957

Fizn € N. We claim that
su1p|fn - fl=1

To see this, note that
‘fn - f‘ ([0, 1]) = [07 1) :
Indeed, if 0 <y <1, let x :== /y. Then 2™ =y.
Let’s prove that
sup [0,1) = 1.

Note that 1 is an upper bound for the set [0,1), and for any s < 1, if s < 0
then s is not an upper bound of [0,1), while if 0 < s < 1, then the middle point
1? belongs to [0,1) and is greater than s. Thus, s is not an upper bound of
|fn — f1([0,1]) = [0,1), which proves that

sup|fo — f| = 1.

(0,1]
In turn,

lim sup|f, — f] = lim 1 =1,

e 0,1]

which shows that the sequence does not converges uniformly in [0,1].
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Example 26 (Continued) Now let’s try to find a smaller set of [0, 1] where
there is uniform convergence. Since the problem is at 1, let’s remove a small
set near 1. Consider F = [0,a], where 0 < a < 1. Since fr, — f = fn — 0 is
increasing in [0, a,

sup | fn — f| = max |[fy|
[0,a] [0,a]
= fn(a)=a" — 0.

Hence, there is uniform convergence in F.

Example 27 Consider the sequence of functions

nx
Let x € R. We have that
fn(0)=0—0.
while if x # 0, we have that
. nr . n T . 1 T T
A 14 ntat :nhﬂnc}oﬁﬁ—&—x“ :nlingoﬁn—ﬂ+x4 =0 04 a4 =0

Thus, there is pointwise convergence to the function f =0 in R.
To study uniform convergence, for each fized n we sketch the graph of the
function f, — f in E. Since f =0, we need to sketch the graph of f,,. Note that

fn (—l‘) = _fn (Jf),

which means that the function f, is odd. So it is enough to study the function
for x > 0. We have that f, (z) = 1!3;7%4 >0 for x > 0. Moreover,

nr T n 1 n n
lm ———=1lm ——=Ilim —————=0-—— =0.
oo 14+ ntxt  eoocoxt L4 pd woo x3 L4 opt 0+ n*

x4 x4

Hence the supremum. of | fy| will be in the interior. To find it, let’s calculate

nl (1 + n4ac4) —nx (0 + 4n4w3)

o () =

(14 niat)?
_n+ ndx* — 4ndx* _n-— 3ndxt
(14 ntzt)? B (14 ntzt)® ~
forn —3nSz* > 0. Thus f), (x) > 0 for a* < 3i1, that is, for 0 < z < %%
Hence, f, is increasing in 0 < z < n% and decreasing for x > n%% It follows



that fn, has a maximum at the point x = %% It follows that

nr nr
n — = —O: _—
ol 00 0 = g e =] = |
(L) N7
— Jn TL43 - 1 4
1+n4(n4)
1
V3
3

Hence, there is no uniform convergence in R.
Since x = ﬁ% — 0, the problem is near zero. However if we remove only
0, we have that

nx
su n(@)— f(2)= max |———
@) = F = s |
1
e (n{‘/g)
1
S N 0.
1+4
So in R\ {0}, we still do not have uniform convergence. Let’s remove a small
set near 0. Consider F = R\ (—a,a). Since a > 0 and %% — 0, there exists
ny such that 0 < n% < a for all m > ny. It follows that f, is decreasing for
x > a. In turn,
nT
ilelg [fn (@) = f (2)| = rax 1+ gt
= fn (a)
_ na
14 ntat
1 a
S L ya

This shows that there is uniform convergence in F.
Definition 28 A metric on a set X is a map d: X x X — [0,00) such that
(i) d(z,y) =0 if and only if x =y,
(i) d(z,y) =d(y,z) for all z,y € X (symmetry),
(iii) d(xz,y) < d(x,z)+d(z,y) for all z,y,z € X (triangle inequality).
A metric space (X,d) is a set X endowed with a metric d. When there is

no possibility of confusion, we abbreviate by saying that X is a metric space.

11



Proposition 29 Let (X, ||-||) be a normed space. Then
d(z,y) = [z =yl
15 a metric.

Proof. By property (i) in Definition 15, we have that 0 = d (z,y) = ||z — y| if
and only if x —y = 0, that is, z = y.
By property (ii) in Definition 15, we obtain that

d(y,z) =lly—z| = -1z =yl = -1 lz -yl = llz —yll = d(z,y).
Finally, by property (ii) in Definition 15,
dz,y)=lz—yl=lz-—z+z—yl| <z -2 +lz -yl = d(z,2) + d(z,y).
|

Exercise 30 Prove that in R the function

_|xr ¥

18 a metric.

Monday, January 28, 2013

3 Topological Properties of the Euclidean Space

Definition 31 Given a point xqg € RN and r > 0, the ball centered at xo and
of radius r is the set

B (x0,7) == {x € RV : [|x —xo[| <7} .

Remark 32 We can give a similar definition in a metric space (X, d), precisely,
given a point xg € X and r > 0, the ball centered at x¢ and of radius r is the
set

B(zo,r) :={r e X :d(z,z0) <r}.

Definition 33 Given a set E C RN, a point x € E is called an interior point
of E if there exists v > 0 such that B(x,r) C E. The interior E° of a set
E C RY s the union of all its interior points. A subset U C RY is open if
every x € U is an interior point of U.

Example 34 The ball B (x,7) is open. To see this, let x € B (xq,r). Then
B (x,r — ||x — x0||) s contained in B (xg,r). Indeed, if y € B (x,7 — ||x — x0]|),
then

Iy = xoll < lly = %[l + llx = xol| <7 —[lx =0l + [Ix = %ol =,

and so'y € B (xg,r).

12



Example 35 Some simple examples of sets that are open and of some that are
not.

(i) The set (a,00) = {x €R: x> a} is open. Indeed, if v > a, take r :=
x—a>0. Then B(z,r) C (a,00). Similarly, the set (—oo,a) is open.

(i) The set (a,b) = {x € R: a <z < b} is open. Indeed, given a < x < b,
take r := min{b — x,x —a} > 0. Then B (z,r) C (a,b).

(iii) The set (a,b] = {x € R: a < x < b} is not open, since b belongs to the set
but there is no ball B (b,r) contained in (a,b].

Example 36 Consider the set

l]zR\(@}U{i:nEN}).

Let’s prove that U is open. Ifx < 0, taker = —x > 0, then B (z,r) = (—2z,0) C
U. Ifx > 1, taker =x — 1, then B (z,r) = (1,20 - 1) CU. ]fn%r1 <z< %,
take r = min{% —z,T— n%_l} = H%H, then B (x,r) CU. Hence, U is open.

Example 37 Consider the set

E:R\<{i:neN}>.

Let’s prove that E is not open. The point x = 0 belongs to E, but for every
r > 0, by the Archimedean principle we can find n € N such that n > %, and
so 0 < % < r, which shows that % € (—r,7). Since % does not belong to E, the
ball (—r, ) is not contained in E for any r > 0. Hence, E is not open.

The main properties of open sets are given in the next proposition.
In what follows by an arbitrary family of sets of RY we mean that there
exists a set I and a function

f:1—7P(RY)
a€l— f(a)=Us
We write {Uy} or {Ua}; or {Ua},c; to denote the set {f (o) : a € I}.
Proposition 38 The following properties hold:

(i) O and RY are open.

(ii) If U; € RN, i = 1,...,n, is a finite family of open sets of RY, then
Uin---NU, is open.

(iii) If {U.},, is an arbitrary collection of open sets of RN, then |, Ua is open.

13



Proof. To prove (ii), let x € Uy N---NUp. Then x € U, for every i = 1,...,n,
and since U; is open, there exists r; > 0 such that B (x,r;) C U;. Take r :=
min {ry,...,r,} > 0. Then

B(x,r) CU N---NU,,

which shows that U; N ---NU, is open.

To prove (iii), let x € U := |J, Ua. Then there is o such that x € U, and
since U, is open, there exists r > 0 such that B (x,r) C U, C U. This shows
that U is open. m

Remark 39 The same proof continues to hold for a metric space.
Properties (i)—(iii) are used to define topological spaces.

Definition 40 Let X be a nonempty set and let T be a family of sets of X. The
pair (X, 1) is called a topological space if the following hold.

(i) 0, X €.
(i) IfU; €T fori=1,...,M, thenUyN...NUp € 7.
(i1t) If {Ua},, is an arbitrary collection of elements of T, then |J, Uq € T.
The elements of the family T are called open sets.

Remark 41 The intersection of infinitely many open sets is not open in gen-
eral. Take U, := ( L 1) for n € N. Then

n’n

but {0} is not open. Indeed, for every r > 0, the ball (—r,r) is not contained in

{0}.

Remark 42 Proposition 38 shows that the family of open sets in RY defined
in Definition 33 is a a topology, called the Euclidean topology. Unless specified,
in RN we will always consider the Euclidean topology.

Example 43 Given a nonempty set X, there are always at least two topologies
on X, namely,

1 :{(Z)aX}

(so according to 71, the only open sets are the empty set and X ) and
79 = {all subsets of X'}

(so according to 1o every set E C X is open).

14



Exercise 44 Prove that in RN the norms

X[l goe = max{[z1], ..., [xn]},
X[l o= |z2] + -+ [on],
1
s = (a4 en )7
generate the same topology.

Wednesday, January 30, 2013

Remark 45 For a topological space (X,7), given a point © € X, a neighbor-
hood of x is an open set containing x. Neighborhoods play the role of balls in
metric spaces. Thus, given a set E C X, a point © € E is called an interior
point of E if there exists a neighborhood U of x such that U C E.

A subset C C R is closed if its complement RY \C.
The main properties of closed sets are given in the next proposition.

Proposition 46 The following properties hold:

(i) O and RN are closed.

(ii) If C; C RN, i = 1,...,n, is a finite family of closed sets of RN, then
CiU---UC, is closed.

(iii) If {Cqa}, is an arbitrary collection of closed sets of RN, then (), Cq is
closed.

The proof follows from Proposition 38 and De Morgan’s laws. If {E,}, is
an arbitrary collection of subsets of a set RY, then De Morgan’s laws are

RN\ (L&JEQ> :ﬂ(RN\Ea),

87

RV \ (QEQ> :U(RN\EQ).

[

Definition 47 Given a set E C RY, a point x € RY is an accumulation point,
or cluster point of E if for every r > 0 the ball B (x,r) contains at least one
point of E different from x.

Note that x does not necessarily belong to the set E.

Remark 48 An interior point of E C RY is an accumulation point of E.
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Example 49 Consider the set

1 1
o {} u{1+} .
N ) nen ") nen

We want to prove that 0 and 1 are accumulation points of E. Note that 0 ¢ E,
while 1 € E (so accumulation points may or may not be in the set E). For
r > 0, by taking a natural number n > %, we have that 0 < % < r, and so
L e B(0,7)NE (of course + #0). This shows that 0 is an accumulation points
of E.

Similarly, for r > 0, by taking a natural number n > %, we have that 0 <
% <r,and so 1< 1+% < 1+, which shows that 1 + = € B(1,r)NE (of
course 1 + % #1). This shows that 1 is an accumulation points of E. Next we
show that there are no other accumulation points of E.

Indeed, if v < 0, taker = —x > 0, then B (z,r) = (—2x,0) does not intersect
E. Ifx > 2, taker =x — 1, then B (z,r) = (1,2x — 1) does not intersect E.

1

If g <z< %, take r = min{% -, T — %ﬂ} = n%rl, then B (x,r) does
B (z,r) intersects E only in L. Hence, U is open.

Ifl+%ﬂ<x<l+%, taker:min{l—i—%—x,x—(l—i—%ﬂ)}:%H,
then B (z,r) does not intersect E. Ifx = 14+, taker = min{l - L l},

n n+1’ n—1 n
Then B (z,r) intersects E only in 1+ L.
The set of all accumulation points of F is denoted acc E.

Remark 50 Note take if x € RY is an accumulation point of E, then by taking
r = %, n € N, there exists a sequence {x,} C E with x, # x for allm € N
such that ||x, — x| < 2 — 0. Thus {z,} converges to . Conversely, if there
exists {x,} C E with x,, # x for all n € N such that |x,, — x|| — 0, then x is
an accumulation point of E.

Exercise 51 Prove that a set E C RY is closed if and only if it contains all its
accumulation points.

Definition 52 Given a set E C RY, a point x € RY is a boundary point of
E if for every r > 0 the ball B (x,7) contains at least one point of E and one
point of RN \ E. The set of boundary points of E is denoted OF.

Exercise 53 Prove that a set E C RY is closed if and only if it contains all its
boundary points.

Friday, February 1, 2013
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4 Functions

Consider a function f : E — RM, where E C RM. The set E is called the
domain of £f. If E is not specified, then E should be taken to be the largest set
of x for which f (x) makes sense. This means that:

If there are even roots, their arguments should be nonnegative. If there are
logarithms, their arguments should be strictly positive. Denominators should
be different from zero. If a function is raised to an irrational number, then the
function should be nonnegative.

Given a set F' C E, the set f(F) = {y e RM : y =f (x) for some x € F'}
is called the image of F' through f The function f is said to be bounded from
above in F', bounded from below in F', bounded in F' if the set f (F') is bounded
from above, bounded from below, bounded, respectively.

Given a set G C R, the set f71(G) = {x€ E: f(x) € G} is called the
inverse image of F through f. It has NOTHING to do with the inverse function.
It is just one of those unfortunate cases in which we use the same symbol for
two different objects.

The graph of a function is the set of RY x RM defined by

erf ={(x,f(x)): xe E}.
A function f is said to be
e one-to-one or injective if £ (x) # £ (z) for all x,z € E with x # z.
Iff: E— F, where F, FF C R, then f is said to be
e onto or surjective if f (E) = F,

e bijective or invertible if it is one-to-one and onto. The function f~!: F —
E, which assigns to each y € F = f(F) the unique x € E such that
f (x) =y, is called the inverse function of f.

If N=M =1 a function f: EF — R is said to be

e increasing if f (z) < f(y) for all z,y € E with x < y,

)
strictly increasing if f (z) < f (y) for all z,y € F with z < g,

(
decreasing if f (x) > f (y) for all z,y € E with x < y,
(

)
strictly decreasing if f (x) > f(y) for all z,y € F with z < y,

e monotone if one of the four property above holds.

17



5 Limits of Functions

Definition 54 Let E C RY, let xo € RY be an accumulation point of E, and
let £: E — RN. We say that a number £ € RM is the limit of f(x) as x
approaches Xq if for every e > 0 there exists a real number 6 = ¢ (g,%x9) > 0

with the property that
If(x)—£] <e

for allx € E with 0 < ||x — x¢|| < 6. We write

lim f(x)=£ or f(x)— £ asx— Xo.
X—X(
Note that even when xg € F, we cannot take x = X since in the definition
we require 0 < [|x — xg].

Remark 55 If (X,dx) and (Y,dy) are two metric spaces, E C X, xp € E is an
accumulation point of E and f : E =Y, we say that £ € Y is the limit of f (x)
as x approaches xq if for every e > 0 there exists a real number § = 6 (e,29) > 0
with the property that

dy (f (x),0) <e
for all x € E with 0 < dx (x,x0) < §. We write

lim f(x)="¢.
T—xg
If (X,7x) and (Y, 7y) are two topological spaces, E C X, xg € E is an accu-
mulation point of E and f : E — Y, we say that £ € Y is the limit of f (z) as
x approaches xq if for every neighborhood V' of £ there exists a neighborhood U
of xo with the property that
fx)eV

forallz € E with x € U\ {xo}. We write

lim f(z)="¢.

T—x(
Note that unless the space Y is Hausdorff, the limit may not be unique.

Remark 56 Let E C RV, let xg € RY be an accumulation point of E, and let
f: £ — RN. Assume that there exists

lim f(x)=~¢.

X—X(

Then for every € > 0 there exists a real number § = §(g,x9) > 0 with the

property that
If(x) —£] <e (4)

for allx € E with 0 < ||x — x¢|| < 8. if F C E is a subset such that xo € RN be
an accumulation point of E and we consider the resctriction of f to F, denoted

18



f| . for every e > 0 let 6 > 0 be the number given in (4). Then by restricting
(4) we have that
If(x) — €]l <e

for allx € F with 0 < ||x — x¢|| < d. Hence, there exists

lim f|,(x)=4¢.

X—X(
It follows that if we can find two sets FF C E and G C E such that x¢ € acc F

and xg € accG
lim f|,(x) =4£, #£; = lim f|,(x),
X—X(

X—X0

then the limit over E& cannot exist.

Example 57 Let’s study the limit
lim Y
(@,9)—(0,0) 22 + y?
where m € N. In this case f (x,y) = zﬁmTZg and the domain is R? \ {(0,0)}.
For m > 2, we have that the limit is 0. Indeed, using the fact that |z| =

Va2 < \/x2 + 42, we have

m m m/2 1/2
a2 2 7 O e i) B et ) ym=br2
22+ o2 2 4g? 2+ o2

— (332+y2

as (z,y) — (0,0). On the other hand, if m = 1, taking y = x, we have that

i f (0,2) = lim - — 2
xl—r% T _;cllr%)an—f—xQ _27

while taking y = 0, we have that

0

f(ffao):m:()—’()v

and so the limit does not exist.

Remark 58 Note that the degree of the numerator is m + 1 and the degree
of the numerator is 2, so that in this particular example the limit exists if the
degree of the numerator is higher than the degree of the numerator, that is, if
m+1>2.

The next example shows that checking the limit on every line passing through
Xg is not enough to gaurantee the existence of the limit.

Example 59 Let

f(@y) =

0 otherwise.

{ 1 ify=2a2%z#0,
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Given the line y = mx, the line intersects the parabola y = x2 only in 0 and in
at most one point. Hence, if x is very small,

fx,mx)=0—0
as x — 0. However, since f (m, :132) =1—1asz — 0, the limit does not exists.

Example 60 Study the limit

lm
(z,y)—(0,0) T2 — Y
wherem € N. In this case f (z,y) = % and the domain is R*\{(x,z) : © € R}.
Taking y = 0, we have that

0

Let us take y = x + x®, where a > 1. Then

™ (1. + xa) 7 l.m+1 + l.m+a

ay __
flr,z+2%) = x27(x+ma)2 T2 — 42 _9patl _ 42a

l'erl + xm+a

= T e g
Take a = m. Then
m g™t 4 g (1 +2m )
f (1'71' +x ) - _2$m+1 + T2m - rm+1 (2 _|_$m—1)
1 +xm71
= oy 70

Hence the limit does not exist.

Remark 61 Note that the degree of the numerator is m + 1 and the degree of
the numerator is 2, but in this case the limit never exists no matter how high is
the degree of the numerator.

Monday, February 4, 2013

Definition 62 Let E C RY, let xg € RY be an accumulation point of E, and
let f: E— R. We say that

e 00 is the limit of f(x) as x approaches xg if for every L > 0 there exists
a real number 6 = 6 (L,xg) > 0 with the property that

f(x)>L
for allx € E with 0 < ||x — x¢|| < §. We write

lim f(x)=o00 or f(x)— o0 asx— X,
X—X(
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e —oo is the limit of f (x) as x approaches xq if for every L > 0 there exists
a real number 6 = 6 (L,xq) > 0 with the property that

fx) <-L
for allx € E with 0 < ||x — x¢|| <. We write

lim f(x)=—-0c0 or f(x)— —00 asx— Xg.
X—X(

Theorem 63 Let E C RN and let xg € RY be an accumulation point of E.
Given a function £ : E — RM | if the limit

lim f(x)

X—X0
exists, it is unique.
Proof. Assume by contradiction that there exist

lim f(x)=¢ and lim f(x)=0L

X—X( X—Xq
with € # L. Then |£ — L|| > 0. Fix0 < e < 3 || — L|. Since limx_.x, f (x) = £,
there exists §; > 0 with the property that

If(x) — £ <e

for all x € E with 0 < ||x — x¢| < 1, while, since limx_.x, f (x) = L, there
exists §o > 0 with the property that

If(x) - Ll <e

for all x € E with 0 < ||x — x¢|| < d2.

Take 6 = min {d1,d2} > 0 and take x € E with 0 < ||x — x¢|| < J. Note that
such x exists because xg is an accumulation point of £. Then by the properties
of the norm,

[€—L| = [l€—f(x) +f(x) - L|| <[l€ - £ ()| +[If (x) - L
<et+e<|€-L|,

which implies that || — L|| < ||€ — L||. This contradiction proves the theorem.
[

Remark 64 This proof continues to hold in metric spaces, since we only used
the fact that the balls B (£,e) and B (L,e) are disjoint whenever 0 < & <
%HE — L||. For topological spaces in general the limit is not unique. Given
(X, 7x) and (Y, 7y) are two topological spaces, E C X, xg € E is an accumula-
tion point of E and f : E — Y, it can be shown that the limit is unique if the
space Y is Hausdorff. A topological space Y is a Hausdorff space, if for every
z andy €Y, with © # y, there exist disjoint neighborhoods of x and y.
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We now list some important operations for limits.

Theorem 65 Let E C RY and let xg € RY be an accumulation point of E.
Given two functions f,g: E — RM | assume that there exist

lim f (x) = £, € RM, lim g (x) = £, € RV,

X—X( X—Xq
Then
(i) there exists lim (f + g) (x) = £1 + €5,
X—X(
(ii) there exists im (f - g) (x) = €1£2,
X—X(

(i) if M =1, 42 #0 and F := {x € E: g(x) # 0}, then x¢ is an accumula-

L
tion point of F' and there exists lim (f > (x) = L
X—X0 g F 82

Proof. Parts (i) and (ii) are left as an exercise. We prove part (iii). The fact
that x( is an accumulation point of F' is left as an exercise. Write

f ) ’f x) bl — g(x) &y ‘f x) by £ l1ly — g (x) £y
g9(x) 52 e
1
= m |€2 (f (X) — fl) + 44 (g (X) _ 62)|
! Ll
=Tg0al 00T o 900 T

Thus we need to bound Wlx” from above, or, equivalently, we need |g (x)| to

stay away from zero. Since {5 # 0, taking ¢ = @ > 0, there exist §; > 0 such

that |
90— < 2!
for all x € E with 0 < ||x — x¢l|| < d;. Hence,

14 12
9 60] = lo () & £a] > [ta] — |9 () — o] > [£o] — 12 = 2]

for all x € E with 0 < ||x — x¢|| < 61. It follows that

fx) 4 1 B 1|4 B
00 Bl ST AT R ™)
2 2 |t

< g6 = Bl gty Lo 6 — .

Given € > 0 there exist d2 > 0 such that

€ €2

60—t < T2
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for all x € E with 0 < ||x — xg|| < d2 and d3 > 0 such that
elbs|”

— < —=

‘g(x) 2‘ = 4(1_~_|€1|)

for all x € F with 0 < ||x —x¢|| < d3. Then for for all x € F with 0 <
lx — xo]| < 6 = min {1, d2, 03}, we have that

(x) 4 2 2 |t

P P 2 (x) — ]+ e g (x) — 0

e A A LA TAITA L i
e e |4 e ¢
Z . <4 1=—¢.
S3teiy SatatTe

This completes the proof. m

Remark 66 The previous theorem continues to hold if £1,¢1 € [—00, 0], pro-

vided we avoid the cases 0o — 0o, 000, %, =

Theorem 67 (Squeeze Theorem) Let E C RY and let xg € RY be an accu-
mulation point of E. Given three functions f,g,h : E — R, assume that there

exist
lim f(x)= lim g(x)=~¢{.

X—X0 X—X0
and that f (x) < h(x) < g (x) for everyx € E. Then there exists lim h (x) = £.
X—X(
Proof. We prove the case in which ¢ € R and leave the cases { = oo and
{ = —oc0 as an exercise. Given € > 0 there exist §; > 0 such that
If(x)—f<e

for all x € E with 0 < ||x — xg|| < 1 and d2 > 0 such that
lg(x) - <e

for all x € E with 0 < ||x —xg|| < d2. Then for for all x € E with 0 <
Ix — %o|| < d = min{d1, 2}, we have that
(—e<f(x)<g(x)<h(x)<l+e.
Hence,
[h(x) = <e
for all x € E with 0 < ||x — xg|| < d, which shows that lim h(x)=/¢. m

X—X(

Theorem 68 Let E C RY and let xg € R be an accumulation point of E.
Given two functions f,g: E — RM, assume that there exists

lim f (x) =0,

X—X(

and that g is bounded, that is, ||g (x)|| < L for all x € E and for some L > 0.
Then there exists lim (f - g) (x) =0.
X—X(
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Proof. Given ¢ > 0 there existd § > 0 such that

1f (%) =0l <

€
1+L

forallx € E with0 < ||x — x¢|| < 6. Hence, by the Cauchy—Schwarz’s inequality
€
(f-9) () — 0 =1(f - 9) G < IF G Hlg Gl < g7 L <e

for all x € E with 0 < |[|[x —x¢|| <. m

Example 69 The previous theorem can be used for example to show that for
a>0

lim z%sin — = 0.
T

x—0

Wednesday, February 6, 2013
We next study the limit of composite functions.

Theorem 70 Let E CRY, F C RM and let xg € R be an accumulation point
of E. Given two functions f: E — F and g : F — R, assume that there exist

lim f(x)=£cRM,

X—X(

that £ is an accumulation point of F', and that there exists
lim g (y) = L € R,
y—£

Assume that either there exists 01 > 0 such that f (x) # € for all x € E with 0 <
|x — xo| < 91, orthat£ € F and g (€) = L. Then there exists lim g (f (x)) = L.
X—X(

Proof. Fix ¢ > 0 and find n = 7 (¢,£) > 0 such that

lg(y)—Ll <e (5)

forally € F with 0 < ||y — £|| <.
Since limy_,x, f (x) = £, there exists d2 = d2 (x0,7) > 0 such that

I (x) — €] <n

for all x € E with 0 < ||x — x¢|| < d7.

We now distinguish two cases.

Case 1: Assume that f (x) # £ for all x € E with 0 < ||x — x¢|| < d1. Then
taking § = min {41, d2}, we have that for all x € E with 0 < ||x — x¢|| < 4,

0<|If(x)—£|| <n.
Hence, taking y = f (x), by (5), it follows that

g (f(x)) —Lf <e
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forallx € E with 0 < ||x — x¢|| < 0. This shows that there exists lim g (f (x)) =

X—X(
L.

Case 2: Assume that £ € F and g (£) = L. Let x € F with 0 < ||x — x¢|| <
01. If f (x) = £, then g (f (x)) = L, and so

lg (f(x)) —Ll[=0<e,
while if f (x) # £, then taking y = f (x), by (5), it follows that
g (f (x)) — L[| <e.
[

Example 71 Let’s prove that the previous theorem fails without the hypotheses
that either £ (x) # £ for all x € E near xg or £ € F, L € R and g(€) = L.

Consider the function
_ |1 ify#0,
() '_{ 2 ify=0.
Then there exists

lim g (y) = 1.
y—0

So L = 1. Consider the function f(xz) := 0 for all x € R. Then for every
o € R, we have that
lim f(z) =0.

T—xT(
So £ =0. However, g (f (z)) =g (0) =2 for all x € R. Hence,
lim g(f(x)) = lim 2=2#1,
T—xTo T—xo
which shows that the conclusion of the theorem is violated.

Example 72 We list below some important limits.

sin x 1—cosz . log(1+z)

lim =1, lim ——— = -, lim =1,
z—0 I z—0 x 2 z—0 x
1 ‘-1 r—1
lim%:a fora e R, lime =1.
z—0 x z—0 x

Note that the previous theorem can be used to change variables in limits.
Example 73 Let’s try to calculate

lim log (1 + sinz) .
z—0 T

For sinxz # 0, we have

log (1+sinz) log(l+sinz)sinz  log(1+sinz)sinz

T x sinx sinzx T
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sin x
T

Since lim,_.q =1, it remains to study

. log(1+sinz)
lim ———.
z—0 sSinx

Consider the function g (y) = w and the function f (z) =sinz. Asxz — 0,
we have that sinx — 0 = £, while

i log (1+y)
y—0 Yy

=1

Moreover sinx # 0 for oll z € E := [—g, g] \ {0}. Hence, we can apply the
previous theorem to conclude that

lim log (1 + sin )

x—0 sin x
In turn,
log (1 i
lim og (1 +sinz) _1
x—0 x

6 Continuity

Definition 74 Let E C RN. A point xo € E is called an isolated point of E if
there exists 6 > 0 such that

B(X(),(s) NE = {XU}.

It is clear that if a point of the set E is not an isolated point of E then it is
an accumulation point of F.

Definition 75 Let E C RN and let xg € E. Given a function f : E — RM
we say that £ is continuous at xg if for every € > 0 there exists a real number
0 =d(g,%0) > 0 such that for all x € E with ||x — xo|| < § we have

I£ (x) — £ (x0)[| <&

If £ is continuous at every point of E we say that f is continuous on E and we
write £ € C (E) or f € C°(E).

Remark 76 If (X,dx) and (Y,dy) are two metric spaces, E C X, zy € F,
and f: E —Y, we say that f is continuous at xq if for every ¢ > 0 there exists
a real number § = 0 (g,x0) > 0 with the property that

dy (f (z), f(z0)) <e

for all x € E with dx (z,x0) < 4.

If (X,7x) and (Y,7y) are two topological spaces, E C X, o € E, and
f+E =Y, we say that f is continuous at ¢ if for every neighborhood V of
f (zo) there exists a neighborhood U of x¢ with the property that

fx)eV
forallx € E withx € U.
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Theorem 77 Let E C RN and let xg € E. Given a function f : E — RM,

(i) if xo is an isolated point of E then f is continuous at Xg;
(i) if xq is an accumulation point of E then f is continuous at x¢ if and only

if there exists lim f(x) = f (xq).
X—X(

Proof of part (i). If x¢ is an isolated point of E then there exists dy > 0 such
that
B (Xo, (50) NE = {Xo} .

Fix € > 0 and take 0 := §p in the definition of continuity. Clearly if x € E and
Ix — xo]| < 0 then necessarily x = xo so that we have ||[f (x) — f (x¢)|| =0. =

Exercise 78 Prove that the functions sinz, cosz, ™, where n € N, are con-
tinuous.

The following theorems follows from the analogous results for limits.

Theorem 79 Let E C RN and let xo € E. Given two functions f, g: E — R
assume that f and g are continuous at xqg. Then

(i) f+g and fg are continuous at xo;
(ii) if g(x0) # O then ! restricted to the set F = {x € E: g(x) # 0} is
g
continuous at Xg.

Example 80 In view of Ezercise 78 and the previous theorem, the functions
tanx = Z2L gnd cotx = 2L are continuous in their domain of definition.

cos & sin x

Theorem 81 Let E C RN, F C RM and let xg € E. Given two functions
f:E — F and g: F — RP assume that f is continuous at xo and that g is
continuous at f (xo). Then go f : E — R is continuous at xq.

We now discuss the continuity of inverse functions and of composite func-
tions. If a continuous function f is invertible its inverse function £~! may not
be continuous.

Example 82 Let
f(x)—{x if 0 <z <1,

r—1 if2<z<3.
Then f=1:10,2] — R is given by

fl(x):{x f0<zx<1,

r+1 ifl<z<2,

which is not continuous at x = 1.
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We will see that this cannot happen if F is an interval or a compact set.

Theorem 83 Let K C RY be a closed and bounded set and let f : K — RN
be one-to-one and continuous. Then the inverse function =1 : f (K) — RY is
continuous.

Theorem 84 Let I C R be an interval and let f : I — R be one-to-one and
continuous. Then the inverse function f=1: f (I) — R is continuous.

Friday, February 8, 2013

7 Directional Derivatives and Differentiability

Let E C RN, let f: E — R and let xg € E. Given a direction v € RV, let L be
the line through xq in the direction v, that is,

L::{XERN:x:X0+tv,tER},

and assume that xg is an accumulation point of the set £ N L. The directional
derivative of f at xg in the direction v is defined as

% (x0) = lim [ (%0 +t‘;) - f(Xo),

provided the limit exists in R. In the special case in which v = e;, the directional
derivative % (x0), if it exists, is called the partial derivative of f with respect

to x; and is denoted 597’: (x0) or fu, (x0) or D;f (x0).

Remark 85 The previous definition continues to hold if in place of R one
takes a normed space V', so that f: E— R where E C V.

Remark 86 If N =1, taking the direction v = 1, we have that

Io) —

which is the definition of derivative % (o) or f' (xo).

Next we show that even if the directional derivatives at xg exist and are
finite in every direction, then f does not have to be continuous at xg.

Example 87 Let

_ ) L i (@) #(0,0),
fay) ’_{ o (z,y) = (0,0).

Let’s find the directional derivatives of f at 0. Given a direction v = (v1,v2),
with v +v3 = 1, we have

f(0+tv,04 tuy) = 0.
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It follows that

(tUl)zt’Uz _ 0
f (0 + tvh 0+ tv?) - f (0, 0) _ (tU1)4+(tU2)2
t t
3030y

- oot + 32’

If v =0 then
f(0+tvl,0+tv2)_f(030): 40 =0—0
t t5U1+0
ast*)(]’ SO 3—5(0,0) =0. IfUQ #0; then,
f(0+t1)1,0+tv2)_f(070) _ v%UQ N ”U%’UQ = ﬁ
; 2of+0v3 0+ vy
S0 af 2
v
22(0,0) = .
8v(7 ) V2

In particular, % (0,0) = % = 0. Now let’s prove that f is not continuous at 0.
We have

0
f(x,O):0+y2:0—>O
as r — 0, while
2,.2
oy zrrz 1 1
f@a®) = m =373

as x — 0. Hence, the limit lim, ,y_.(0,0) f (x,y) does not exists and so f is not
continuous at (0,0). Note that f is continuous at all other points (x,y) # (0,0)
by Theorem 79, since h(x,y) = x and g (z,y) =y are continuous functions in
R2.

The previous examples show that in dimension N > 2 partial derivatives do
not give the same kind of results as in the case N = 1. To solve this problem, we
introduce a stronger notion of derivative, namely, the notion of differentiability.

We recall that a function 7' : RNV — R is linear if

T(x+y)=T(x)+T(y)

for all x,y € RV and
T (sx) = sT (x)

for all s € R and x € RY. Write x = Zf\il x;e;. Then by the linearity of T,

T (X) =T (Z xiei> = Zl‘iT (ez) .

Define b := (T'(e1),...,T (ey)) € RY. Then the previous calculation shows
that
T(x)=b-x for all x € RY.
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Definition 88 Let E CRY, let f: E — R, and let xg € E be an accumulation
point of E. The function f is differentiable at xq if there exists a linear function
T:RYN — R (depending on f and x¢) such that

lim f(x) = f(x0) =T (x —x0)

=0.
x—% [[x = ol

provided the limit exists. The function T, if it exists, is called the differential of
f at xo and is denoted df (xo) or dfx,-

Exercise 89 Prove that if N = 1, then f is differentiable at xq if and only
there exists the derivative f' (xo) € R.

Remark 90 The previous definition continues to hold if in place of RN one
takes a normed space V , so that f : E — R where E C V. In this case,
however, we require T : V — R to be linear and continuous. Note that in RN
every linear function is continuous.

The next theorem shows that differentiability in dimension N > 2 plays the
same role of the derivative in dimension N = 1.

Theorem 91 Let E CRY, let f: E — R, and let xo € E be an accumulation
point of E. If f is differentiable at Xo, then f is continuous at Xg.

Proof. Let T be the differential of f at xg. Write T'(x) = b - x. We have
f(x) = f(x0) =f(x) = f(x0) =b- (x=%0) + b (x — %)
_ f(x) = f(x0) —b-(x—x)

[[x — xo|

I = o]l + b (x = x0).

Hence, by Cauchy’s inequality for x € E, x # xq,
’f(x)—f(xo)—b-(x—xo) |

% = x|

0<|f (%)= f(x0)] <
f(x) = f(x0) =b - (x —x0)

1% = x|

—10/-0+b]|-0=0

% = Xol| + [b - (x = x0)|

1% = %ol + [Ib] [l — %ol

as X — Xp. It follows by the squeeze theorem that f is continuous at xg. m
Monday, February 11, 2013
Next we study the relation between directional derivatives and differentia-
bility. The next theorem gives a formula for the vector b used in the previous
proof and hence determines 1. Here we need xg to be an interior point of E.

Theorem 92 Let E C RN, let f : E — R be differentiable at some point
xg € E° and T be the differential of f at xq. Then
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(i) all the directional derivatives of f at x¢ exist and

af

O ) =T(v),
(ii) for every direction v,
of . <. af o
Py (X0) = ; oz, (x0) vi- (6)

Proof. Since xy is an interior point, there exists B (x¢,7) C E. Let v € R be
a direction and x = xo + tv. Note that for |¢t| < r, we have that

1% = xoll = lIx0 + tv = xo[ = [[tv] = [¢] [[v]| =[] 1 <=

and so xg + tv € B(xg,r) C E. Moreover, x — xg as t — 0 and so, since f is
differentiable at xq,

40 = f (x0) = T'(x — %) f(xo+tv) — f(x0) =T (%0 + tv —x0)

0= 1 = lim
x=Xo [x — xol| t—0 lIxo + tv — xo]|
f(xo+tv) = f(x0) —tT (v)
o t |

]
t

fim £ X0V = (o) ZIT V) _gp 1S G0 8v) = T (x0) — T ()

Since ! is bounded by one, it follows that

=0.
t—0 t t—0 t ‘t|
But then
Oztlir%f(xo—i_tv) —{(Xo) —tT'(v) :tlir%f(xo+t"t) — f (*0) _TW),

which shows that there exists % (x0) =T (V).

Part (ii) follows from the linearity of T'. Indeed, writing v = vazl v;ei, by
the linearity of T,

N N
g% (x0)=T(V)=T (Z viei> => wT(e)=) gj_ (x0) v;.

i=1 i=1 i=1

Remark 93 If in the previous theorem Xg is not an interior point but for some
direction v € RN, the point xq is an accumulation point of the set EN L, where
L is the line through xq in the direction v, then as in the first part of the proof

we can show that there exists the directional derivative % (x0) and
0
67"]: (X()) =T (V) .
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If all the partial derivatives of f at xq exist, the vector
of of N
— ey R
(33:1 (x0) ;- Ban (x0)> €

is called the gradient of f at x¢ and is denoted by Vf (xq) or grad f (x¢) or
Df (x¢). Note that part (ii) of the previous theorem shows that

of
8551'

N
dfx, (V) =T (v) = Vf (x0) v = Z (x0) s. (7)

for all directions v. Hence, only at interior points of E, to check differentiability
it is enough to prove that

oy 0 = £ (x0) = Vf (%0) - (x = x0)

X—%o [[x = ol

=0. (8)
The next theorem gives an important sufficient condition for differentiability at
a point xg.

Theorem 94 Let E C RN, let f : E — R, let xg € E°. Assume that there ex-
ists v > 0 such that B (xg,r) C E and the partial derivatives %, j=1,...,N,
J

exist for every x € B (xo,7) and are continuous at Xg. Then f is differentiable
at X0-

Wednesday, February 13, 2013

Example 95 Let

2 i (ey) #(0,0),
f(x’y)'_{ 0" if (wy)=(0,0).

Let’s study continuity, partial derivatives and differentiability. For (x,y) #
(0,0), we have that f is continuous by Theorem 79, while for (z,y) = (0,0), we
need to check that

lim z,y) = f(0,0).
wom o @y)=1(0,0)

We have

0<|f (2,y) = £(0,0)] =

lyl — 0

Pl gl 2 @yl
$2+y2 $2+y2 - $2+y2

as (z,y) — (0,0). Hence, f is continuous at (0,0).
Nezxt, let’s study partial derivatives. For (z,y) # (0,0), by the quotient rule,
we have
of

2z |y| (22 +y?) — 22 Jy| (22 + 0)
g (L) =

(22 +y2)°

: )
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while for (z,y) = (0,0),

t2]0]

tl t0) — -0
97 (0,0) = 1im LOFILOF0) = F(0.0) om0 0
a,]j t—0 t t—0 t t—0 t3
For y #£ 0, by the quotient rule, we have
0 (= T V) T 0+) (10)
8y ?y (a’:Q + y2)2 )
while at a point (xg,0),
‘rglﬂ 0 5
of (0, 0) = lim f (20 +10,0+t1) — f (20,0) _ i St [t =3
oy t—0 ¢ =0 ¢ =0 ¢ x2 412

1172 . .
If xg = 0, then ltﬂmgfﬁ = ltﬂofﬁ =0—0ast—0, so 2—5(0,0) = 0, while if

xo # 0, we have

ot g .t g : g p

m e e T i mraw Rl M s Sl R Sl

t—0t+ t x5+t t—0+ t g+ 1 t—0+ x5+t x5+ 0

ot ag . —t . @ xp

im —— 2:1m—272:—11m 5 5 =——3 =—1.
t—0- ¢t x5+ 1 t—0t+ t x5 +1 t—0+ TG+t z5+0

Hence, % (z0,0) does not exist at (xg,0) for xg # 0, and so by Theorem 92, f
is not differentiable at (x9,0) for xo # 0.

On the other hand, at points (x,y) with y # 0, we have that % and % exist
in a small ball centered at (x,y) (see (9) and (10)) and they are continuous by
Theorem 79. Hence, we can apply Theorem 94 to conclude that f is differentiable
at all points (z,y) with y # 0.

It remains to study differentiability at (0,0). By 8, we need to prove that

f (x,y) - f (030) — Vf (070) ) ((1',y) - (070))
(@,4)—(0,0) [[(@,y) — (0,0)]
We have

=0.

/ (xa y) -/ (0’ 0) -Vf (Oa O) ) ((;my) — (070)) ;;ilrglg —0- (0’ 0)- ((a:,y) B (O’O))

1(z, y) = (0,0)] VaZ+ 2

_ 2yl
(22 +y2)*?
Toking y = x, with x > 0, we get
22 |z %23 1

373 = =5 = —=5 0
(22 + x2)5/2 (22 + mz)d/Q (2)3/2

Hence, f is not differentiable at (0,0).
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Friday, February 15, 2013
The next exercise shows that the conditions in Theorem 94 are sufficient but
not necessary for differentiability.

Example 96 Let

Flaoy) = (22 +9?) sin 4 if (2,9) # (0,0) ora+y#0,
[ 0 otherwise.

Let’s study continuity, partial derivatives and differentiability. For x+y # 0, we
have that f is continuous by Theorem 79 and Theorem 81. For (z,y) = (0,0),
we need to check that

lim z,y) = f(0,0).
(x,y)—>(0,0)f( y) = £(0,0)

We have

0<If (2.9) ~ £(0,0)] = | (2 + y°) sin

_ 2 2
ey 0‘<($ +94°)1—0

as (z,y) — (0,0). Hence, f is continuous at (0,0). At a point (zo, —x¢) with
xg # 0, taking x = x¢ and y = —xg +t, where t — 0. We have

)= (i3 (o) s — L
f(xo,—xo + 1) xg+ (—x0 + 1) s1nx0_x0+t

1
= (mg + (—zo + t)2> sin n

Take t = —%—. Then

%+2n7r ‘

f P 2+ PR S ) (5 +2n7)
- — | = - —_— sin ( — + 2nmw
PO o T T T o 2

1 2
= <x3+<—x0—|—+2nﬂ> >l—>(a:g+(—xo+0)2>=2xg7é0

wo|

NIE

as n — oo. Hence f is not continuous at (xg, —xo) with zo # 0, and so by
Theorem 91, f is not differentiable at (xo, —xg) with xo # 0. Neat, let’s study
partial derivatives. If x4+ y # 0,

g(x,y)z(?x—f—O)singj_’_

1 9 9 1 - 1
Iz y+(:c +y)<cosx+y)< (x+y)2>,
(z,y) = (0+2y)sinx+

| 4 (@) <cosxiy) (W) |

Since for every (x,y), with x +y # 0, % and % exist in a small ball centered

at (xz,y) and they are continuous by Theorem 79 and Theorem 81, we can apply
Theorem 94 to conclude that f is differentiable at all points (x,y) with x+y # 0.

of
dy
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Nezxt, let”s study the partial derivatives at (0,0). We have

_ 224 0)sin =4 —0
f(@,0) = £(0,0) _ (@*+0)singgg -0 1
x—0 xz—0 T

as © — 0, since sin = is bounded. Hence, & 5= £(0,0) =0. Szmzlarly, (O 0) =0.
For (g, —x9), wzth x9 #£ 0,

2 2\ & 1
of . f(zo +10, w0 + t1) — f (To, —T0) .. (”30 + (=20 +1) )bmm —0
== (xo, —2p) = lim = lim
ax t—0 t t—0 t
(37(2) + (—z0 + t)2) sint —0
= lim .
t—0 t
Taking t = W+2m and t = ﬁ shows that this limit does not exist. Indeed,
2 AP 1 2 1 )2
(8 (o gt) o e (s (oo ) )1 g
1 = 1 — OT =
T onw ZT+onm
as n — 0o, while
(m%—&—(—xo—kﬁf) sin —— (xg—i-( To + 2M)Z)O 0
; 2nw - - —=0—>0
2nm 2nm 27
as n — oo. Similarly, % (zo, —x0) does not exist.
Let’s prove that f is differentiable at (0,0) at (0,0). We have,
22 4y?) sin ——
@0 - f0.0-FO0E-0-500w-0) [ DR ouy 20
\/(x —0)* + (y—0)? 0 otherwise.
_ \/msmz}ry ifx+y#0,
0 otherwise.

—0
s (z,y) — (0,0) since sinﬁ is bounded and \/x? +y? — 0. Hence, f is
differentiable at (0,0), even if nearby % and % do not always exist.

8 Higher Order Derivatives

Let ECRY let f: E — Randlet xg € E. Let i € {1,...,N} and assume
that there exists the partial derivatives g— (x) for all x € E Ifje{l,...,N}
and X is an accumulation point of £ N L where L is the line through Xp in
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the direction ej, then we can consider the partial derivative of the function 3f

with respect to x;, that is,
o (of\_
Ox; \ Ox; axjaxl

Note that in general the order in which we take derivatives is important.

Example 97 Let

2 z
L y“ arctan v ify #0,
f (@) .—{ / A
Ify # 0, then
of a ([, z , 1 5 /u
Iz = tan L) =2~ 9 (%
al‘ (.’If,y) 81‘ <y arctan y) Y . 3 az ;
1+ (5)
Y3
NG
and
0 9 X 5
7f (.'L"y) = I <y2 arctan m) = 2yarctan E + y2727 (.’E)
dy 0y Yy Yy 14 (E) oy \y
y
= 2y arctan r_ L‘JZ
=y y IL'2 +y27
while at points (z9,0) we have:
of (20,0) = lim [ (zo +1t,0) — f(20,0) i 00 0
8ZC t—s t m ;
O (20,0) = lim 120000 = T00,0) _ , Lot 7 20
ay =0 t t—0 t
= lim ¢ arctan To_ _ 0,
t—0 t

where we have used the fact that arctan =2 is bounded and t — 0. Thus,

3* A x T 2 .
of (z,y) = g;zin ny # 0, of (z,y) = 2y arctan | — 9327?“/2 zfy # 0,
O 0 ify=0, 9y 0 ify = 0.

To ﬁnd (0 0), we calculate

a2f B of 97 (0,0+1t) — 2L (0,0)
Ayox (0,0) = dy <8x) (0,0) = }LO t ’

tS

= —0
zlim%—hml—l
t—0 t t—0
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while

9% f 8(8]‘)(0 O)_hm%(ommf%(o,m
’ _t—>

0xdy (0,0)= oz \ dy t

= hmB =lim0 = 0.
t—0 t t—0

a2 a2
Hence, i—gy (0,0) # ({)dy—afz (0,0).

Exercise 98 Let

flz,y) :={ ;zg;;g if Ew,y) # (8,0)?

32 82
Prove that Wgy (0,0) # ayafm (0,0).
The next important theorem shows that at "good points" the order in which
we take derivatives does not matter.

Theorem 99 (Schwartz) Let E C RN, let f : E — R, let xo € E°, and let

i,j €{1,...,N}. Assume that there exists r > 0 such that B (xqg,r) C E and for

all x € B (x0,7), the partial derivatives % (x), % (x), and % (x) exist.
; 5 50
i

2
Assume also that ~—4— 1is continuous at Xo. Then there exists # (x0) and
Ox;0x; Ox;0x;

P )= 2T ()
c’)xiaxj 0 833]8l‘l 0

Monday, February 18, 2013

Next we prove Taylor’s formula in higher dimensions. We set Ny := NU {0}.

A multi-indez a is a vector o = (g, ..., an) € (No)". The length of a multi-
index is defined as

o := a1 + -+ + an.

Given a multi-index a, the partial derivative aéi% is defined as
0% olel
ox Ozt - Oz

where x = (21,...,zx). If @ =0, we set % = f.

Example 100 If N =3 and o = (2,1,0), then

8(2’1’0) B 3
0 (w,y,2) N0 0wy
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Given a multi-index o and x € RY, we set

| fe aq

al:=ai!---an!, x% =272,

If a =0, we set xY := 1.

Using this notation, we can extend the binomial theorem.

Theorem 101 (Multinomial Theorem) Let x = (z1,...,zy5) € RY and let
n € N. Then

n nl
(w14 +an)" = > x>

a multi-indez, |o|=n

Proof. Exercise. m
Given an open set U C RY, for every nonnegative integer m € Ny, we
denote by C™ (U) the space of all functions that are continuous together with

their partial derivatives up to order m. We set C*° (U) := [ C™ (U).
m=0

Theorem 102 (Taylor’s Formula) Let U C RY be an open set, let f €
C™(U), m €N, and let xg € U. Then for every x € U,

1 0o N
f@= Y S e R
a multi-indez, 0<|a|<m ’

where R
lim T &)

M. .. jm —
S

We write Ry, (x) = o (||x — x0||™) and we say that R,, is a little o of ||x — xol|™
as X — Xq.

Example 103 Let’s calculate the limit

1 Y1
lim (L+2)

(@y)—(00) /22492
By substituting we get %. Consider the function
F(@y) = (L a)? — 1 = oBa® _ _ eviostira) _

which is defined in the set U := {(x,y) ER?: 142> 0}. The function f is of
class C*. Let’s use Taylor’s formula of order m =1 at (0,0),

faa) =100+ 00 @-0+ L 00-0+o (V).
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We have

of D [ yiog(iie) U

of _9 ) _ 1) _ oylog(i+c)

oz () oz ¢ 1+a’

72';; (x,y) = —aay (eylog(1+l’) - 1) = ey 10g(1+z)y10g (1 + :C) 9

and so
f (@ y) =0+0(—0)+0(y—0)+o(Va?+?),
which means that
i (14z)Y -1 . 0(vw2+y2) .
11m —_— = 1m _ L =
(2,9)—(0,0) /22 + 12 (z,y)—(0,0) (/22 + 9?2
Note that if we had to calculate the limit
1 Y—1
lim %

(@y)—(00) x24y2

then we would need Taylor’s formula of order m =2 at (0,0),

f(z.y) :f(O’O)JF%(O’O) (z—0)+ 2—5(0,0) (y — 0)
1 9%f 9 1 0%f
T aoaez COE -0 Goig, 00 @-0E-0)
" (012)!% (0,0) (y = 0 +0 (¢ + 7).

Another simpler method would be to use the Taylor’s formulas for et andlog (1 + s).

Wednesday, February 20, 2013
First midterm
Friday, February 22, 2013
Solutions First midterm.

Example 104 (Example 103, continued) Second method: If either x =
0 ory =20, we get

1 Y_1
(1+x) B 0 _o.

R A

If £ £ 0 and y # 0, then

(1+z) -1  evlos+2) _1log(1+z) =y

V2t oylog(l+z) @ a2y

log(1+t)
t

Now, using the limits lim;_,¢ etT_l =1 and lim;_.g =1, we have

evlos(+a) 1 ) log (1 + )

lim P —
(z,y)—(0,0) ylog (1 + x) T
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while

vy | Varlyl vVt +yPlyl
< = S =ll—=0
\/$2+y2 \/$2+y2 .’L'2+y2

as (z,y) — (0,0).
Monday, February 25, 2013

Example 105 Let’s calculate

. log (1 + sin? (my)) — 22y?
lim 3
(2,9)—(0,0) (2 +1?)

Taylor’s formula of sint of order one is given by
sint =t + o (t%)

and 50

sin?t = (t+0(t2)" = 2+ (0 (7)) + 2t0 ()

=t + 0 (t%)
where we have used the properties of the little o. Hence
log (1 +sint) = log (1 +t* + 0 (%)),
Let’s use now Taylor’s formula
log (1+ ) =s+o(s),

where for us s =sin*t = t> + o (t3). We get

log (1 +sin®t) = log (1 +t* + 0 (t*))

= (2 +o(t?)+o(t®+o(t?)) =t"+0(?).

Hence,

(22 +y2) B (22 +y2)°
_o(@y?) _ aty? o(a%y)

(@ +y2)° (@492 2%

log (1 + sin? (acy)) — 2%y? B 22y +o (x2y2) — 2%y?
2

ifx#0 andy #0. Now
2,2

0<L<}
T2y’ 2
and so ) s

w22 o(xy)

(22 +97)" 2%y

—0
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by Theorem while if either t =0 or y =0, we get

log (1 + sin® (zy)) — z%y? B 0
(a2 +92)° @ 4y?)’

Hence,
log (1 + sin? (zy)) — 2%y? B
2 =

im 0
(z,y)—(0,0) (22 + y?)

Exercise 106 Calculate the limit

. log (1 + sin? (zy)) — z%y?
lim I .
(z,9)—(0,0) (22 +9?)

Wednesday, February 27, 2013

9 Local Minima and Maxima

Definition 107 Let f : E — R, where E CRY, and let xo € E. We say that

(i) [ attains a local minimum at xq if there exists v > 0 such that f(x) >
f(x0) for all x € EN B (xq,7),

(i) f attains a global minimum at x¢ if f (x) > f(xg) for allx € E,

(iii) f attains a local maximum at xq if there exists r > 0 such that f (x) <
f(x0) for all x € EN B (xq,7),

(iv) f attains o global maximum at x¢ if f (x) < f (%) for allx € E.

Theorem 108 Let f : E — R, where E C RN . Assume that f attains a local
minimum (or maximum) at some point xo € E. If there exists a direction v
and 0 > 0 such that the set

{xo+tv:te(-0,0)} CE (11)

and if there exists g—{, (x0), then necessarily, g—{, (x0) = 0. In particular, if xo is

an interior point of E and f is differentiable at xq, then all partial derivatives
and directional derivatives of f at x¢ are zero.

Proof. Exercise. m

Remark 109 In view of the previous theorem, when looking for local minima
and mazxima, we have to search among the following:

e Interior points at which f is differentiable and Vf(x) = 0, these are
called critical points. Note that if Vf (xo) = 0, the function f may not
attain a local minimum or mazximum at Xo. Indeed, consider the function
f(z) = 2% Then f'(0) = 0, but f is strictly increasing, and so f does
not attain a local minimum or maximum at 0.
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o Interior points at which f is not differentiable. The function f (x) = ||
attains a global minimum at © = 0, but f is not differentiable at x = 0.

e Boundary points.

To find sufficient conditions for a critical point to be a point of local minimum
or local maximu, we study the second order derivatives of f.

Definition 110 Let f : E — R, where E CRY, and let xo € E. The Hessian
matriz of f at X is the N X N matriz

32 82
Bw? (XO) T BzNgzl (XO)
Hy(xo) := | :
i 8?2
azla];N (x0) - a:ﬁ{, (%0)

o2 f N
= (x )> :
(8%8%’ ’ i,j=1

whenever it is defined.

Remark 111 If the hypotheses of Schwartz’s theorem are satisfied for all i,j =
1,...,N, then
0% f 0% f
axiaxj (XO) o ax]é)mz (X0)7

which means that the Hessian matriz Hy (xo) is symmetric.

Given an N x N matrix H, the characteristic polynomial of H is the poly-
nomial
p(t):=det(tIxn —H), teR

Theorem 112 Let H be an N x N matriz. If H is symmetric, then all roots
of the characteristic polynomial are real.

Theorem 113 Given a polynomial of the form
p(t) = N bany VN M dany otN P4 Fat fag, tER,

where the coefficients a; are real for everyi =0,..., N —1, assume that all roots
of p are real. Then

(i) all roots of p are positive if and only if the coefficients alternate sign, that
18, an—1 <0, any—_2 >0, any_3 <0, etc.

(ii) all roots of p are negative if and only a; > 0 for everyi=0,...,N — 1.
The next theorem gives necessary and sufficient conditions for a point to be

of local minimum or maximum.
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Theorem 114 Let U C RY be open, let f : U — R be of class C* (U) and let
xg € U be a critical point of f.

(1) If Hy (x0) is positive definite, then f attains a local minimum at xo,

i) if f attains a local minimum at xq, then Xg) 18 positive semidefinite,

ii) if f attains a local mini t xo, then Hj (xq) is positi idefinit
(i1) if Hy (x0) is negative definite, then f attains a local marimum at xo,

w) if f attains a local mazimum at xo, then Xo) 18 negative semidefinite.
v) if f attains a local mazi t xo, then Hy (xo) i ti idefinit

Remark 115 Note that in view of the previous theorem, if at a critical point xg
the characteristic polynomial of Hy (x¢) has one positive root and one negative
root, then f does not admit a local minimum or a local maximum at Xg.

Theorem 114 shows that if Hy (xo) is positive definite, then f admits a local
minimum at xg. The following exercise shows that we cannot weakened this
hypothesis to Hy (x¢) positive semidefinite.

Example 116 Let f (z,y) := 2? — y*. Let’s find the critical points of f. We
have

0 0
aii(way):%(‘r27y4):2x70:0?
0
aig(m,y)zaiy($2fy4):074y3:0

Hence, (0,0) is the only critical point. Let’s find the Hessian matriz at these
points. Note that the function is of class C*, so we can apply Schwartz’s theo-
rem. We have

0% f 0
922 (w,y) = % (22—) =2,
0%f 0 3 9
372(3?,3/) =3 (—4y°) = —12¢7,
0% f 0
Hence,
2 0
so that
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and so the roots are A = 2 or A\ = 0. Hence, at (0,0) we cannot have a local
mazimum. But it could be a local minimum. However, taking

f (O?y) = _y47

which has a strict maximum at y = 0. This shows that f does not admit a local
minimum or a local mazimum at (0,0). Theorem 114 shows that if Hy (xo) is
positive definite, then f admits a local minimum at xg. The following exercise
shows that we cannot weakened this hypothesis to Hy (xq) positive semidefinite.

A critical point at which f does not admit a local minimum or a local
maximum is called a saddle point.
Friday, March 1, 2013

Example 117 Consider the function

2 2
flay):=(@—-y)e ™™
defined in the set
E :=B((0,0),1).
Let’s find the critical points of f. We have

% (z,y) = 9 ((m — ) eﬂz*?f) — eV (—22% 4 2yz + 1) = 0,

ox
of _ 0 LNy —a—y? (o2 _
8—y(x,y)—a—y((m y)e y)— e Y ( 2y —|—2xy—|—1)—0.

By subtracting the two equations, we get

_m2 +y2 = 07
2% +2zy +1=0.

If x =y, then —22% + 222 + 1 = 0, which has no solutions, while if v = —y,
then —4y? +1 = 0. Hence, the critical points are (%7 —%) and (—%, %) Let’s
find the Hessian matriz at these points. Note that the function is of class C*°,

so we can apply Schwartz’s theorem. We have

02 0 ;

a—szc (z,y) = p (e_xz_yz (—21‘2 + 2yx + 1)) . i (2:c3 —2yz? — 3z + y) ,

02 0

aiy']; (q,'7y) = 372_/ (_6—x2—y2 (_2y2 + me + 1)) — _26—372—3/2 (2y3 _ 2.’13:1/2 _ 3y 4 .T) ;
0% f 0 [ _2_ .2 22
g0z (x,y) = y (e Y (—22% + 2y + 1)) =27 Y (22%y —2zy* + 2 —y).
Hence,

=

1 1 —3e 3 e~
w(3-)-(5 )
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so that

= A2 4+6e 2N+ 8e ™1,

and so the eigenvalues are both negative. Hence, at (%, —%) we have a local
mazximum. On the other hand

11 3e~3 —e 3
Hy <_2’2> - ( —e73 3¢ )7

so that

and so the eigenvalues are all positive by Theorem 113. Hence, at (%7 —%) we
have a local minimum.

It remains to study the boundary. Using polar coordinates, we have x = cos 6,
y =sind, so that

g(0) := f(cosf,sinf) = (cosf —sinf)e™t, 6 <c0,2n].

We have
g (0) = (—sinf —cosf)e ! >0

for <f< 7”, Thus the point (cos °r,sin 4 = ( 22, @) could be a point

of local minimum and the point (cos 1, sin 4 ( 22, —) could be a point
of local mazximum. Are they?

Monday, March 4, 2013

Example 118 First method: To see if they are consider the restriction y =

—x. Let
2 V2
h(@) = f (e, —o) = 2™, we l_[ f]
272
Then ) ) )
W () =2e"*" +2ze %" (—4z) =2¢7* (1—42°) >0
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for —% <z < % Hence, h decreases for x < —;, increases for —% <z < %,

and decreases for x > % Since b’/ (—g) < 0, we have that (—72, g) s not

a point of local minimum, while, since h' (?) < 0, we have that (@, —g)
18 mot a point of local mazximum.

Second method: Another way to look at this was to study the partial and
directional derivatives. We have

af \/5 \/E —1 _ -1
ax<_2,2>:e (-1—=141)=—¢1,
of (Jf*f) = e l(-1-14+1)=¢e"L

» T2

have that f (x, g, ) <f (—g, g) To see this, note that

g [CE )1 (45)

B t—0 t ’

Since % —72772> < 0, for points (x ‘/5) with © > —g close to —g we
Y

,1_8,]6 \/Q\/§
|\ 22

and so taking 0 < ¢ < e, we can find 6§ > 0 such that

—1 f(7§+t’ g) 7f(7§’§) -1
—e T —e< ; <—e " +e<0

for all 0 < |t —0] < §. In particular, if 0 < t < §, then f (7@ +t,§) <
f (fg, ?), which shows that (7@ @) 18 mot a point of local minimum.

2 272
Similarly,

8f<ﬂ V2

_—l(_q_ _ -1
5o\ 2 2>e (-1-1+1) e <0,

and so reasoning as before we can find 61 > 0 such that

F(2+0—8) 1 ()
t

—el_e<

<—el4e<o

for all 0 < |t — 0] < 1. In particular, if —01 <t < 0, then f (? +t, 7?) >
f (@, —g), which shows that (§7 —g) 18 mot a point of local mazximum.
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Example 119 Let f (z,y,2) == 22 +y* +y? + 23 — 222. We have

a%:233—22:0 r—2=0 r—z=
5*5243/34’23/:0 =< y(2P+1)=0 <= y=0
%:3z2—2m:0 322 -2x=0 322 -22=0
r—2=0
— y=0
z2(32—-2)=0

and so the critical points are (0,0,0) and (%,0, %) Note that (0,0,0) is not a
point of local minimum or mazimum, since f (0,0, z) = z3 which changes sign

near 0. Let’s study the point (%, 0, %) We have

62. 62f 62f
@ Byzaw Bz26;1: 2 0 -2
8% f o°f 0% f -2 0 6z
0xdz  OJyoz 022
and so
2 0 =2
2 2
Hy (3,0, 3) = 0o 2 0
2 0 6
We have
1 0 O 2 0 =2
O=det|t] O 1 O — 0o 2 0
0 0 1 -2 0 4
t—2 0 2
= det 0 t—2 0 =3 — 8% + 16t — 8.
2 0 t—4

The eigenvalues are all positive by Theorem 113. Hence, at (%O, %) we have a
local minimum.

Theorem 120 (Weierstrass) Let K C RY be closed and bounded and let f :
K — R be a continuous function. Then there exists xg,x1 € K such that

f(x0) = min f(x), f(x1)=maxf(x).
Definition 121 Given a set E C RY and a functionf : E — RM | the Jacobian

matrix of f = (f1,..., fum) at some point xg € E, whenever it exists, is the
M x N matriz

V f1 (x0) gg{i (x0) - aaj; (x0)
ro=| |- ;
Vfar (o) %J;Af (x0) --- %ﬂvj (x0)
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It is also denoted

a(fl?"'an)
8(3?1,...,.’131\/)

(%0) -

When M = N, Jg (Xx0) is an N X N square matriz and its determinant is called
the Jacobian determinant of f at xq. Thus,

of;
det Jr (x )zdet( L (x )) .
’ Ox; 0 ij=1,...,N

10 Lagrange Multipliers

In Section 9 (see Theorem 114) we have seen how to find points of local minima
and maxima of a function f : E — R in the interior E° of E. Now we are ready
to find points of local minima and maxima of a function f : E — R on the
boundary OF of E. We assume that the boundary of E has a special form, that
is, it is given by a set of the form

{XERN:g(X):O}.

Definition 122 Let f : E — R, where E C RN, let F C E and let xg € F.
We say that

(i) f attains a constrained local minimum at xo if there exvists v > 0 such
that f (x) > f (x¢) for all x € F N B (xo,7),

(i) f attains a constrained local maximum at xq if there exists r > 0 such
that f (x) < f (xo) for allx € FFN B (xq,7).

The set F' is called the constraint.
Wednesday, March 6, 2013

Theorem 123 (Lagrange Multipliers) Let U C RY be an open set, let f :
U — R be a function of class C* and let g : U — RM be a class of function C*,
where M < N, and let

F:={xeU:g(x)=0}.

Let xg € F and assume that [ attains a constrained local minimum (or maxi-
mum) at xo. If Jg (x0) has mazimum rank M, then there exist A1, ..., Ay € R
such that

Vf (Xo) =MVg (Xo) + -+ A Vau (x0) .

Example 124 We want to find points of local minima and mazima of the func-
tion f(x,y,z) :=x —y + 2z over the set

E={(z,y,2) eR®: 2® +y* + 22> < 2}.
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Let’s find critical points of f in the interior. Since % (z,y,2) =1 # 0, there
are mo critical points in the interior. Thus, points of local minima and mazxima,
if they exist, must be found on the boundary of E, that is,

OF = {(z,y,2) €R*: 2” +3° + 227 = 2}.

In other words, we are looking at a constrained problem. The constraint is given
by 22 + y? + 222 = 2. Define g (v,y,2) := 2% + y* + 222 — 2. In this case the
Jacobian matriz of g coincides with the gradient, that is,

Jg (x,y,z) = Vg (J:,y,z) = (2x,2y,4z) :

In this case the mazimum rank is one, so it is enough to check that (2x,2y,4z) #
(0,0,0) at points in the constraint OE. But (2x,2y,4z) = (0,0,0) only at the
origin and this point does not belong to the constraint.

By the theorem on Lagrange multipliers, we need to find (x,y, z) and X such
that

O—g—f(as Y, 2) — /\%(x,y,z %(w—y+2z—)\(m‘2+y2+222—2))=1—2a:>\,
O—a—?j(:c Yy, 2) — Agk (z,y,2) = %(xfy+227)\(x2+y2+22272)):flny)\,
0—%(3531,) A%(:&y,z) %(m—y—i—% M@ 4 y? 4227 = 2)) =2 — 4z,
0=g(x,y,2)=a>+y>+22 - 2.

If A =0, we have no solution, while if A # 0, we get

Substituting gives (i)Q + (—i)Q + 2 (if —2 =0, that is, 22 — 1 = 0,

and so \ = j:%. Thus, the only two possible points are ( ‘2[, \2[, ,L) and
(f, ‘2[7§> Now, since E is closed and bounded (why?), it is compact.

Since f is continuous, it follows by the Weierstrass theorem that there exist
the minimum and the maximum of f over E. Hence, f( V2 V2 ‘f) =

2 9 2
‘f ‘f 2‘[ s the minimum and f (i,—§,§) \{ + g +2§ 18

the mazximum.
Example 125 Given the set
E={(z,y,2) ER’: 2® —ay+y* — 2> =1, 2" +y*> = 1},

we want to find the points of E having minimal distance from the origin. So we
need to find

min{\/(x—0)2+(y—0)2+(z—0)2: (x,y, 2) EE}.
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To avoid dealing with square roots, we consider the function f (z,y,z) = 2% +
y? + 22. We want to find the minimum of f over the st E.
First method. Let g:R? — R3 be the function

gz, y,2)= (2> —ay+y* — 2" — 1,2 +y> - 1).

By the theorem on Lagrange multipliers we need to find (x,y,z) and A1, Ay such
that

NG SR = S R N (a2 ) o h (6 )
0:87%_)‘1(%_)‘28%:3%($2+y2+22—>\1(xQ—xy+y2—22—1)—)\g(x2+y2—1)),
0:%—)\1%— 2%:%(w2+y2+22—/\1(mQ—xy—i—yQ—zQ—l)—)\2(332+y2—1)),
0=g1(z,y,2) =2* —azy+y* —2>—1=0,

0:92(zayaz):x2+y271:0'

We have

0=2x— X\ (22 —y) — A2z,
0=2y— A\ (—z+2y) — A2y,
0=2z— X\ (—22),
0=2%—ay+y?—22-1,
0=22+y%—1.

Adding the first two equations and substituting the last in the fourth one, we get

0=(z+y)(2— X —2X),
0=2y— A1 (=2 +2y) — A2y,
0=2(14 M),

0= —zy — 22,
0=a%+y>—1.

From the third equation 0 = z (1 + A1) we have that either z = 0 or Ay = —1.
If z =0 we get

0=(z+y)(2— X —2X),

0=2y— A1 (=2 +2y) — A2y,

0=z,

0= —uzy,

0=a%+y>—1.

Hence, either x =0 ory =0. If x =0, then from the last last equation y = +1,
so that

0=2—X1 —2)\g, 0=1- Ay, 1= X,
0=1—X1 — Ao, 0=1-—X — Ao, 0= A,
0=z, = 0=z, = 0=z,
0=u=x, 0=ux, 0=u=x,
+1=y. +1=y. +1=y.
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If y = 0 then from the last last equation x = £1, so that

0=(2—X —2X9), —1 =)Ao,
0=\, 0=\,
0=z, <— < 0=z,
0=y, 0=y,
+1 =u=z. +1 =u=z.

If \y = —1, then
0=(x+y)(B—2A2),
0=4y — z — A2y,

*1:>\13
0= —xy — 22,
0=a2+y> -1

In the first equation either x +y =0 or 3 — 2Xy = 0. In the first case, we get

T = -y, ==Y,
0=2a(=5+ X2), 5=,
—1 =X, = { —1=Ay
0=2a2— 22, z = =*z,
1 =222, t5 =1,
while in the second, % = X2, and so

%:A% % :)\25
0=4dy —z -3y, T =y,
—1= A, <= —1 =),
0=—zy — 22, 0=—a%— 22
0=2a2+79y% -1 0=2z2—1.

The fourth and fifth equation are incompatible, so there are no solutions in this

case.
In conclusion, we have found the points (0,£1,0) with Ay = 0 and Ay = 1,

(£1,0,0) with \; = 0 and Ay = —1, (i%,¥%,i%) and (i%}%,x%)
with A\y = —1 and Ay = %
Let’s prove that E is bounded. We have that 2% +y?> = 1, so |z| < 1 and

ly| <1, while
P=—l-2?tay—y* <ay<l.

Hence, F is bounded and closed. It follows by the Weierstrass theorem that f
has a mimimum over E. Since
1 1 1 1 1 1 3
+t— F—,+— | = +t—F—,F—=]|==>1=f(£1,0,0) = f(0,£1,0),
P25 05t s) =1 (205 ¥ 5705 ) =5 > 1= F (10,0 = 70,410

it follows that (+£1,0,0) and (0,+1,0) are the two points in E of minimal dis-
tance from the origin.
Second method. Exercise. Find a simpler way to solve this problem.
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Friday, March 8, 2013
Midsemester break, no classes

Monday, March 11, 2013

Spring break, no classes
Wednesday, March 13, 2013

Spring break, no classes
Friday, March 15, 2013

Spring break, no classes
Monday, March 18, 2013

11 Chain Rule

Definition 126 Let E C RN, let f : E — RM, and let xg € E be an accumu-
lation point of E. The function f is differentiable at xq if there exists a linear
function T : RN — RM (depending on £ and xo) such that

lim f(x)—f(xo) —T(x—x0)

X—Xo % = xol| v

=0. (12)

provided the limit exists. The function T, if it exists, is called the differential of
f at xo and is denoted df (xo) or dfx,.

Theorem 127 Let E C RN, let £ : E — RM, and let xo € E be an ac-
cumulation point of E. Then £ = (f1,..., far) is differentiable at xq if and
only if all its components f;, 7 =1,..., M, are differentiable at xo. Moreover,

dfxo = (d(fl)xoa"'ad(fM)xU)‘

Proof. Exercise. m
We study the differentiability of composite functions.

Theorem 128 (Chain Rule) Let F CRM ECRN letg: F - E, g =
(81,.-.,8nN), and let f : E — R. Assume that at some point yg € F° there
exist the directional derivatives % (yo), ---, %]—\I,V (yo) for some direction v and
f is differentiable at the point g (yo). Then the composite function fog admits

a directional derivative at yo in the direction v and

d(fog)

N
0
0Uro8) gy -3 2

»
i=1 Oz

dg;
v (¥o)

(g (y0))

=V (8 (v0)) - 5 (30

Moreover, if g is differentiable at yo and f is differentiable at g (yo), then fog
1s differentiable at yq.

Example 129 Consider the function

g<x>:=f<||x||>=f( x%+x%+--~+x%v>,
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where f :]0,00) — R is differentiable. Then for all x # 0,

dg

B=s (e T

2.’1]i

Vet e+t a3

Example 130 Consider the function

g(zy)

h(x,y) :/ et dt,

f(zy)
where f : R2 — R and g : R2 — R are differentiable. To apply the chain rule,
consider the function

z 2
k(z,w) :/ e dt,

w
and observe that

h(z,y) =k(g(x,y), f(z,y)).

Hence, by the chain rule,

o, Ok dg . Ok o1
@) = 52 (9 @.0) F (2,0) 52 (@) + 5 (9 (5,9) (@0) 5 (@:9)
Oh ok dg ok af
Now
ok 2
e (z,w) =e"7,
while
ok L2
0 (z,w) = —e™%,
and so
Oh (a(ma))2 O - 8
O () = e (g gy e O ),
oh _ 2 dg Bf
— (z,y) = e W) ZZ (4 ~(f(zy)? T
8y( Y) 6y( y) — y( Y) -

Example 131 Consider the functions f : R? — R and g : R? — R? defined by

[z, 220) =20 — 1, g(y1,y2) = (Y1y2 — €Y', y1sin (y192)) -

Then
0
87:51(331,3}2):11‘2—0, sz(l‘l,mg):xll—o,
on 15)
3Z (Y1,y2) = lya — ¥, 3—2(1/1,1;2):%1—07
092

g . 092
0 (y1,92) = 1sin (y192) + y1 cos (y192) (1y2), 9 (y1,92) = y1cos (y1y2) (111).
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First method: Consider the composition

(fog)(wi,y2) = f (91 (Y1,%2), 92 (y1,92)) -

Then by the chain rule,

0 0 0 0 0
(g?;g) (y1,92) = 3751 (91 (W1,92) , 92 (W1, 92)) 8751 (y1,92) + 5.7{; (91 (Y1,92) , 92 (Y1, 92)) aTg/j (Y1, 92)
= y1sin (y1y2) (lya — €”*) + (y1y2 — €¥') (1sin (y1y2) + 1 cos (v1y2) (1y2)) ,
while
d(fog) of I of D92
- 9 = 5 9 ) 9 a 9 + a_ 9 9 9 a 9
9 (y1,92) e (91 (W1,92) 5 92 (y1,92)) 902 (y1,92) D2 (91 (y1,92) 92 (y1,92)) 0s (y1,92)

= y1sin (y1y2) (Y11 — 0) + (y1y2 — €”*) (y1 cos (y192) (y11)) -
Second method: Write the explicit formula for (f og), that is,

(fog) (W1,y2) = f (91 (y1,92), 92 (¥1,92))
= (y1y2 — ") (y1sin (y192)) — L.

Then
6(£yolg> (y1,y2) = aiyl [(y1y2 — €¥*) (y1 sin (y1y2)) — 1]
= (192 — ¢ (v sin (y132)) + (192 — ") (1500 (y132) + 1 c05 (3132 (132)) — 0
and
8(‘503102g> (Y1,92) = ain (192 =€) (yrsin (y192)) — 1]

= (111 = 0) (y1 sin (192)) + (y1y2 — €*) (y1 cos (y1y2) (¥11)) — 0.

As a corollary of Theorem 128, we have the following result.

Corollary 132 Let FCRM ECRY, letg: F - E, g = (g1,...,8n), and
letf: E — RP. Assume that g is differentiable at some point yo € F° and that
f is differentiable at the point g (yo) and that g (yo) € E°. Then the composite
function f o g is differentiable at yo and

Jtog (Yo) = Jt (& (¥0)) Jg (%0) -
Wednesday, March 20, 2013

12 Implicit and Inverse Function
Given a function f of two variables (z,y) € R?, consider the equation

f(x,y) =0.
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We want to solve for y, that is, we are interested in finding a function y = g (z)
such that

f(2,9(x)) =0.

We will see under which conditions we can do this. The result is going to be
local.
In what follows given x € RY and y € RM and f (x,y), we write

9 9
8f 8751 (X7 Y) e amf;\, (X7 y)
87)( (Xa Y) =
Ofm (X ) .. Ofum (X )
Oz Y or N Y
and 5 5
o Lxy) - Fxy)
2] o]

Theorem 133 (Implicit Function) Let U C RY x RM be open, let £ : U —
RM  and let (a,b) € U. Assume that f € C™ (U) for some m € N, that

f(a,b)=0 and det?(a,b);«éo.
y

Then there exist By (a,70) C RY and By (b,r1) C RM | with By (a,r9) x
By (b,r1) CU, and a unique function

g: BN (a7 700) - BM (barl)
of class C™ such that £ (x,g(x)) = 0 for all x € By (a,79) and g (a) =b.

The next examples show that when det g—; (a,b) = 0, then anything can
happen.

Example 134 In all these examples N = M =1 and %J; (zo,y0) = 0.

(i) Consider the function
f(@y)i=(y—2)°.

Then f(0,0) =0, g—i (0,0) =0 and g (x) = x satisfies f (x,g(x)) =0.

(i) Consider the function
fl,y) =2 +y%
Then f(0,0) = 0, % (0,0) = 0 but there is no function g defined near
x =0 such that f (x,9(z)) =0.
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(iii) Consider the function
flay) = (zy 1) (2% + 7).

Then f(0,0) =0, 5£(0,0) = 0 but
g () :{

Next we give some examples on how to apply the implicit function theorem.

ifx =0,
if x #0,

8= O

which s discontinuous.

Example 135 Consider the function

f (2.y) = ze? —y.

Then f(0,0) = 0, g—i (z,y) = ze¥ — 1 so thatg—i (0,0) = —1. By the implicit
function theorem there exist v > 0 and a function g € C*® ((—r,r)) such that
g(0) =0 and f(z,g9(x)) =0. To find the behavior of g near x =0, we can use
Taylor’s formula. Let’s find g’ (0) and g"” (0). We have

29 — g (z) =0.
Hence, differentiating twice

1e9) + g’ () 4@ — ' (x) = 0,
Iy (@) + g () "™ + 29" (2) ™ + (g (2))" 2 — ¢ () = 0.

Substituting © = 0 and using g (0) = 0 we get

1 +0—¢ (0) =0,
%" (0) + g (0)e® +0+0—g¢" (0) = 0.

So that ¢’ (0) =1 and g" (0) = 2. Hence,
— / 1 " 2 2
9(2) = g(0)+g (0)(z = 0)+ 59" (0) (& = 0)° + o (=~ 0)°)
:o+1(x—0)+12(z—0)2+o((x—0)2).
2
Friday, March 22, 2013

Correction homework.
Monday, March 25, 2013

Example 136 Consider the function

f(2,y,2) = (ycos(zz) — 2® + 1,ysin (z2) — ) .
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Let’s prove that there exist r >0 and g : (1 —7,1+7) — R? of class C*° such
that g (1) = (1,%) and f (z,g(x)) = 0. Note that f is of class C*°. Here the

point is (1, 1, %) and

foﬂLg)::@c%(l%)—l+1Jsm(lg>—1):(&0)

Moreover,

O )= %ﬁ%(z,y,z) L (2,y,2
a(y,2) Y 98 (2,y,2) 8f1 (@, y, 2
@
0.

( 8U(ycos(a:z)—ar: +1) & (ycos(zz) —a? +1) >

(ysin (zz) — ) 9 (ysin (xz2) — )

:<1“E@@00 ﬂ@ﬂj )70 0)
(z

1sin (zz) — 0 xycos (zz) —

and so

_of T _ cos (15) —1sin (15)
deta(y,z) (1’1’2)_det(sin(lg) Lcos (1%) =1#0.

Hence, by the implicit function theorem there existr >0 andg: (1 —r,1+71) —
R? of class C* such that g(1) = (1,%) and f(z,g(z)) = 0 for all z €
(1—=r,147r), that is,

{ g1 (z) cos (zg2 () —a* +1=0,
g1 (x)sin (zgz (v)) —x = 0.

Reasoning as before, we can use Taylor’s formula to find the behavior of g1 and
go near x = 1, that is,

g1 g1
92 (x) = g2
Let’s differentiate the two equations. We get

{gﬂﬂaﬁwwﬁm—9M@C@ﬂ@+w%@%$n@m@m—ﬁx+0=Q
g1 (z) sin (292 (2)) + g1 (%) (192 () + g5 (2)) cos (zga (z)) — 1= 0.

Taking x = 1 and using the fact that g1 (1) =1 and g2 (1) = Z, we obtain

2
{giﬂ) cos (15) = 1 (5 + 1g5 (1)) sin (1
g1 (1)sin (15) + 1 (5 + 195 (1)) cos (1

—2=0,
—1=0,

INEIVE]

that is,

0-1(5+g5(1)1-2=0,
T(1)14+0-1=0,
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and so gy (1) =1 and g5 (1) = =2 — 5. Hence,
g (@) =1+1(—1)+o((z—1)),

(@) =5+ (-2-3) @@= +o(@-1).

Next we give the inverse function theorem.

Theorem 137 (Inverse Function) Let U C RY be open, let f : U — RV,
and let a € U. Assume that £ € C™ (U) for some m € N and that

det Jg (a) # 0.
Then there exists B (a,ro) C U such that £ (B (a,rg)) is open, the function
f:B(a,m) — f(B(a,r))

is invertible and £~ € C™ (f (B (a,r0))). Moreover,

_ -1
Jea (y) = ((F1 (y) -
Exercise 138 Consider the function f : R? — R? defined by

o ifr =0,
h (m,y)—{ z+2zsind  ifx#0,

P (x,y) =Y.

Prove that £ = (f1, f2) is differentiable in (0,0) and Jg (0,0) = 1. Prove that £
is not one-to-one in any neighborhood of (0,0).

The next example shows that the existence of a local inverse at every point
does not imply the existence of a global inverse.

Example 139 Consider the function f : R* — R? defined by
f(x,y) = (e® cosy,e’siny).

The function f is not injective. Indeed, f (z,y) = f (z,y + 2m) for all (z,y) € R2.
Hence, f does not admit a global inverse. However,

ofs  9f .
new=( T g )= (G )
) 2 2 M 7
P B2 e’siny e*cosy

and so

e*cosy —e®siny

det Jg (z,y) = det < e¥siny e®cosy

) = (cos®y) € + e*sin®y = > #£ 0

for all (z,y) € R%. Hence, by the inverse function theorem f admits a local
inverse in a neighborhood of every point (z,y) € R2.

Wednesday, March 27, 2013

98



13 Curves

Let I C R be an interval and let ¢ : I — RY be a function. As the parameter
t traverses I, ¢ (t) traverses a curve in RY. Rather than calling ¢ a curve, it
is better to regard any vector function g obtained from ¢ by a suitable change
of parameter as representing the same curve as ¢. Thus, one should define a
curve as an equivalence class of equivalent parametric representations.

Definition 140 Given two intervals I,J C R and two functions @ : I — RN
and v : J — RN, we say that they are equivalent if there exists a continuous,
bijective function h : I — J such that

@ () =4 (h(t))

forallt € I. We write ¢ ~ 1 and we call ¢ and 1 parametric representations
and the function h a parameter change.

Note that in view of a theorem done in class, h=! : J — I is also continuous.
Exercise 141 Prove that ~ is an equivalence relation.

Definition 142 A curve v is an equivalence class of parametric representa-
tions.

Given a curve v with parametric representation ¢ : I — RY, where I C R
is an interval, the multiplicity of a point y € RY is the (possibly infinite)
number of points ¢ € I such that ¢ (t) = y. Since every parameter change
h : I — J is bijective, the multiplicity of a point does not depend on the
particular parametric representation. The range of - is the set of points of
RY with positive multiplicity, that is, ¢ (I). A point in the range of v with
multiplicity one is called a simple point. If every point of the range is simple,
then ~ is called a simple arc.

If I = [a,b] and ¢ (a) = ¢ (b), then the curve ~ is called a closed curve.
A closed curve is called simple if every point of the range is simple, with the
exception of ¢ (a), which has multiplicity two.

Example 143 The two functions

@ (t) := (cost,sint), te]l0,2n],
1 (s) := (cos2s,sin2s), se€0,7],

are equivalent, take h(t) = %, while the function
p(r) := (cosr,sinr), r€l0,4n],

18 not equivalent to the previous two, since the first curve is simple and the
second no. Note that the range is the same, the unit circle.
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Example 144 Consider the curve with parametric representations @ : R — R2,
given by
et):=(t{t—1),t(t—-1)(2t-1)), teR.
Let’s try to sketch the range of the curve. Set x (t) := t(t—1) and y(t) =
t(t—1)(2t—1). We have z(t) > 0 for t(t —1) > 0, that is, when t > 1 or
t <0, while 2’ (t) =1(t—1)+t(1—-0)=2t—1>0 fort > 1. Moreover,
tlir_ﬂ x (t) :tlh}l t(t—1)=—o0(—00—1) =00,

lim x(t):tlimt(t—l):oo(oo—l):oo.

t—o0

On the other hand, y (t) > 0 fort (t — 1) (2t — 1) > 0, that is, when 0 < ¢ < 1
ort>1, whiley' (t) =6t2—6t+1>0 fort> % ort < %. Moreover,

lim y(t):tlir_n tt—1)(2t—1) = —o0,

t——oo
75lirn y(t) = tlim t(t—1)(2t—1) = c0.

To draw the range of the curve in the xy plane, note that x increasing means
that we are moving to the right, © decreasing to the left, y increasing means that
we are moving upwards, y decreasing downwards.

Next we start discussing the regularity of a curve.

Definition 145 The curve = is said to be continuous if one (and so all) of its
parametric representations 1S continuous.

The next result shows that the class of continuous curves is somehow too
large for our intuitive idea of curve. Indeed, we construct a continuous curve
that fills the unit square in R2?. The first example of this type was given by
Peano in 1890.

Theorem 146 (Peano) There exists a continuous function ¢ : [0,1] — R2
such that ¢ ([0,1]) = [0,1] x [0, 1].

Friday, March 29, 2013
In view of the previous result, to recover the intuitive idea of a curve, we
restrict the class of continuous curves to those with finite length.
In what follows, given an interval I C R, a partition of I is a finite set
P:={tg,...,tn} C I, where

to <tp < - <ty

Definition 147 Let I C R be an interval and let @ : I — RN be a function.
The pointwise variation of ¢ on the interval I is

i=1

Vary @ = sup{z e (t:) - so(ti_1>|}, (13)

where the supremum is taken over all partitions P := {to,...,tn} of I, n € N. A
function @ : I — RN has finite or bounded pointwise variation if Vary ¢ < oo.
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Exercise 148 Prove that if two parametric representations ¢ : I — RY and
Y J — RN are equivalent, then Vary ¢ = Var ;1.

We are now ready to define the length of a curve.

Definition 149 Given a curve v, let ¢ : I — RY be a parametric representa-
tion of «v, where I C R is an interval. We define the length of v as

L () := Vary ¢.
We say that the curve 7 is rectifiable if L (y) < oo.

In view of the previous exercise, the definition makes sense, that is, the length
of the curve does not depend on the particular representation of the curve.

Peano’s example shows that continuous curves in general are not rectifiable,
that is, they may have infinite length. Next we show that C! or piecewise C!
curves are rectifiable.

Definition 150 Given a function ¢ : [a,b] — RY, we say that f is piecewise
Cl if there exists a partition P = {to,...,t,} of [a,b] € I, with a = tg < t; <
<o+ < t, = b such that ¢ is of class C in each interval [t;_1,t;], i =1,...,n.

Note that at each t;, i = 1,...,n — 1, the function ¢ has a right and a left
derivative, but they might be different.

Example 151 Consider the curve with parametric representations ¢ : [—1,1] —
R2, given by

‘P(t) = (t7|t|)7 te [*131]7
is not a curve of class C' since at t = 0 the second component of ¢ is not
differentiable, but it is piecewise C*, since

cp(t):(tvft)v le [7170]7
p(t)=(tt), te][0,1],
are both C functions. Note that the left derivative at 0 is ¢’ (0) = (1,—1)

while the right derivative is ', (0) = (1,1). Hence, the curve has a corner at
the point ¢ (0) = (0,0).

By requiring parametric representations, parameter changes and their in-
verses to be differentiable, or Lipschitz, or of class C™, n € Ny, etc., or piecewise
C', we may define curves ~ that are differentiable, or Lipschitz, or of class C",
n € Ny, or piecewise C!, respectively.

Theorem 152 Let v be a curve of class C', with parametric representation
@ :la,b] = RN, Then

b
[ e @l de =L .
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Given a curve 7, with parametric representation ¢ : I — R~ where I C R
is an interval. If ¢ is differentiable at a point ¢y € I and ¢’ (¢9) # 0, the straight
line parametrized by

Y (1) == (o) + ¢ (to) (t—t0), tER,

is called a tangent line to «y at the point ¢ (t9), and the vector ¢’ (o) is called
a tangent vector to « at the point ¢ (t9). Note that if v is a simple arc, then
the tangent line at a point y of the range I' of «, if it exists, is unique, while
if the curve is self-intersecting at some point y € I', then there could be more
than one tangent line at y.

Given a function f : I — R, where I C R is an interval, the graph of f is
the range of a curve parametrized by

p(t)= ([ ().

If f is differentiable at some point tg € I, then the tangent vector is given by

@' (to) = (1, f' (t0)) -

Definition 153 Given a rectifiable curve «y, we say that v is parametrized by
arclength if it admits a parametrization v : [0, L (v)] — RY such that v is
differentiable for all but finitely many T € [0, L ()] with Hv,[/ (7')“ =1 for all but
finitely many 7.

The name arclength comes from the fact that if v is piecewise C* then for
every 71 < To, by Theorem 152 we have that the length of the portion of the
curve parametrized by 1 : [11, 7o] — RY is given by

/72 le (T)H dr = /T2 ldr =19 — 1.

1

Definition 154 A curve v is regular if is piecewise C* and it admits a para-
metric representation @ : [a,b] — RN for which the left and right derivative are
different from zero for all t € [a,b).

Theorem 155 If~ is a reqular curve, then « can be parametrized by arclength.

Proof. Let ¢ : [a,b] — R be a piecewise C! parametric representation of ~y
and define the length function

t
5= [ e 0] o
Note that by by Theorem 152, s (b) = L (), while s (a) = 0. Hence, s : [a,b] —

[0, L ()] is onto. We claim that s is invertible. Indeed, if ¢; < t3, then since
ll’ (r)]] > 0 for all but finitely many ¢ in [¢, t2], we have that

s(t) = s ()= [ ¢! ()]l dr >0

t1
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(why?). Hence, s : [a,b] — [0, L ()] is invertible. By a theorem in Real Analysis,
s71:[0, L (y)] — [a,b] is continuous. By the fundamental theorem of calculus,
s'(t) = ||¢’ (t)|| > 0 for all but finitely many ¢. Hence, s is piecewise C*. In
turn, by a theorem in the Real Analysis, for any such ¢,

d, B

Hence, there exists

d, o, 1 1
O = 5T T e T o

(14)

for all but finitely many 7. Since ¢ is piecewise C' and the left and right
derivatives of ¢ are always different from zero, it follows from (14) and the
continuity of s~! that s~! is piecewise C'. Thus, the function % : [0, L (7)] —
RY, defined by
Y(r) =9 (s (1), 70, L), (15)
is equivalent to . Moreover, by the chain rule and (14), for all but finitely
many T,
_ d , _ @ (s (1))
Y (1) =@ (s (1) — (s71) (1) = =77
T g b O = T

and so || (7)) =1. =

Example 156 Consider the curve with parametric representations @ : [0, 27] —
R3, given by
@ (t) := (Rcost,Rsint,2t), te€]|0,2n].

Since
¢’ (t) = (—Rsint, Rcot st,2) # (0,0,0),

the curve is reqular. Let’s parametrize it using arclength. Set

t t
s (t) ::/ le" ()]l dr:/ VR2sin?t + R2cos?t + 4 dr
0 0
=V R? +4t.

In particular, s (2n) = 2nV R? + 4 is the length of the curve. The inverse of s
ist(s) = \/35274»4, s € [0,2rVR? +4]. Hence,

s ) s 2s
P (s) = (t(s) = (RCOS\/W’RSID VR +4" VR? +4> ’

where s € [0, 2V R? + 4], 18 the parametrization by arclength.
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14 Curve Integrals
In this section we define the integral of a function along a curve.

Definition 157 Given a piecewise C' curve v with parametric representation
@ : [a,b] — RY and a bounded function f : E — R, where ¢ ([a,b]) C E, we
define the curve (or line) integral of f along the curve v as the number

b
ds := ! dt,
Lf /af«o(t))nso )] dt

whenever the function t € [a,b] — f (@ (t)) |l¢’ (¢)|| is Riemann integrable.

Note that [ fds is always defined if f is continuous.
Next we show that the curve integral does not depend on the particular
parametric representation.

Proposition 158 Let v be a piecewise C' curve and let ¢ : [a,b] — RN and
¥ : [e,d] — RY be two parametric representations. Given a continuous function
f:E — R, where E contains the range of =,

/ f e ®) ¢ (1) dt = / f @ () | ()] dr.

Proof. Exercise m

Remark 159 In particular, if v is a reqular curve and p : [0, L (v)] — RY is
the parametric representation obtained using arclength, then Hv,b’ (T)H =1 for
all but finitely many 7. Hence,

L pas= | () ar

Monday, April 1, 2013
Next we introduce the notion of an oriented curve.

Definition 160 Given a curve v with parametric representations @ : I — RN
and v : J — RN, we say that ¢ and 1 have the same orientation if the para-
meter change h : I — J is increasing and opposite orientation if the parameter
change h : I — J is decreasing. If ¢ and v have the same orientation, we write

*
P~
Exercise 161 Prove that ~ is an equivalence relation.

Definition 162 An oriented curve « is an equivalence class of parametric rep-
resentations with the same orientation.
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Note that any curve ~ gives rise to two oriented curves. Indeed, it is enough
to fix a parametric representation ¢ : I — R and considering the equivalence
class v of parametric representations with the same orientation of ¢ and the
equivalence class v~ of parametric representations with the opposite orientation
of .

Let E C RN andlet g : E — R¥ be a continuous function. Given a piecewise
C* oriented curve v with parametric representation ¢ : [a,b] — R such that
@ ([a,b]) C E, we define

/ﬁ = /abi_v:% (¢ (1) wi (1) dt.

Definition 163 Let U C RY be an open set and let g : U — RY. We say that
g is conservative vector field if there exists a differentiable function f:U — R
such that

Vfx) =g(x)
for allx € U. The function f is called a scalar potential for g.

Definition 164 Given E C RN, we say that

(i) E is disconnected if there exist two nonempty open sets U,V C RN such
that

ECUUV, ENU#0, ENV#0, ENUNV =0.

(ii) E is connected if it is not disconnected.

Theorem 165 Let U C RY be an open connected set and let g : U — RY be a
continuous function. Then the following conditions are equivalent.

(i) g is a conservative vector field,

(ii) for every x,y € U and for every two piecewise C oriented curves v, and
~o with parametric representations o1 : [a,b] — RY and @3 : [c,d] — RY,
respectively, such that o1 (b) = pa(d) = x, p1(a) = ¢2(c) =y, and

¢1([a,b]), 2 ([e,d]) C U,
fe= ]

(iii) for every piecewise Ct closed oriented curve v with range contained in U,

/gzO.
~

Next we give a simple necessary condition for a field g to be conservative.
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Definition 166 Let U C RN be an open set and let g : U — RN be differen-
tiable. We say that g is an irrotational vector field or a curl-free vector field
if

9gi dg;

foralli,j=1,...,N and all x € U.

Theorem 167 Let U C RN be an open set and let g : U — RY be a conserva-
tive vector field of class Ct. Then g is irrotational.

Proof. Since g is a conservative vector field, there exists a a scalar potential
f:U — R with Vf = g in U. But since g is of class C'!, we have that f is of
class C?. Hence, we are in a position to apply the Schwartz theorem to conclude
that 0 0% f 0*f 0
gi 9j
X) = X) = X) = == (x

foralli,j=1,...,Nandallxe U. m

The next example shows that there exist irrotational vector fields that are
not conservative.

Example 168 Let U :=R?\ {(0,0)} and consider the function

(,9) Y °
T =\, -

0 —y a4y

3 () "

0 T —2 4 y?

oz (x2 +y2> B (22 +y2)%
and so g is irrotational. However, if we consider the closed curve vy of parametric
representation ¢ (t) = (cost,sint), t € [0, 27], we have that

27
sint cost
/ / ( (cost) + —————— (sin t)') dt
cos?t + sin?t cos?t +sin“t

:/ (sm t + cos? t) dt =21 #£ 0,
0

Note that

and so g cannot be conservative.

The problem here is the fact that the domain has a hole.
Wednesday, April 3, 2013

Definition 169 A set E C RY is starshaped with respect to a point xo € E if
for every x € E, the segment joining x and xg is contained in E.
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Theorem 170 (Poincaré’s Lemma) Let U C RY be an open set starshaped
with respect to a point xo and let g : U — RN be an irrotational vector field of
class C'. Then g is a conservative vector field.

Example 171 Consider the function g : R? — R? defined by

g (z,y) = (ye*, e” — cosy).
We have,
0

o9 (ye") = le”,

P2 (e — cosy) = e” — 0,
and so g is irrotational. Since R? is convex, it is starshaped with respect to
every point. Hence, by the previous theorem, g is conservative. To find a scalar
potential, note that

ﬂ(m ) = ye* 8—f(gz: ) =e® — cos
al' YY) =Y ) ay Y) = Yy
and so
wa €T
Faa) =100 = [ syas= [ yeras
o 9T 0
=y —1).
Hence,

Differentiating with respect to y, we get

0 0
e“—cosy:a—i(m,y):a—‘;(o,y)—i—e”—l
and so o7
= = - 1.
By (0,y) = —cosy +
Hence,
vof y
f(O,y)—f(o,O):/0 ay(O,t) dt:/o (—cost+1)dt
=y —siny
and so

= f(0,0) +y—siny +ye® —y = f(0,0) —siny + ye”.
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The Poincaré lemma continues to hold in a very important class of sets,
namely simply connected sets.

Definition 172 Given a set E C RY, two continuous closed curves, with
parametric representations ¢ : [a,b] — RN and ¢ : [a,b] — RY such that
¢ ([a,b]) C E and v ([a,b]) C E, are homotopic in E if there exists a continu-
ous function h : [a,b] x [0,1] — RY such that h([a,b] x [0,1]) C E,

h(t,0) =¢(t) forallt € la,b], h(t,1) =1 (t) forallt e a,b],
h(a,s) =h(b,s) for all s €[0,1].

The function h is called a homotopy in E between the two curves.

Roughly speaking, two curves are homotopic in F if it is possible to deform
the first continuously until it becomes the second without leaving the set E.

Definition 173 A set E C RY is pathwise connected if for every two points
X,y € E there exists a continuous curve joining X and 'y and with range con-
tained in E.

Definition 174 A set E C RY is simply connected if it is pathwise connected
and if every continuous closed curve with range in E is homotopic in E to a point
in E (that is, to a curve with parametric representation a constant function).

Example 175 A star-shaped set is simply connected. Indeed, let E C RN be
star-shaped with respect to some point xg € E and consider a continuous closed
curve v with parametric representation ¢ : [a,b] — RN such that ¢ ([a,b]) C E.
Then the function

h(t,5) == s (t) + (1 — s)xo

is an homotopy between ~ and the point xg.

Remark 176 It can be shown that R?\ a point is not simply connected, while
R3\ a point is. On the other hand, R3\ a line is not simply connected.

Friday, April 5, 2013
Given an open set U C RY and a differentiable function g : U — RY, a
differentiable function h : U — R is called an integrating factor for g if the
function
hg = (hg1,. .., hgn)
is irrotational.
Exercise 177 Assume that N = 2 and that g : U — R? is of class C?. Prove

that if

% (z,y) - % (z,y) = a(x) g2 (z,y) = b(y) g1 (z,9)

for some continuous functions a : I — R and b : J — R, where I and J are

intervals, then an integrating factor is given by
h (1’7 y) _ GJ:O a(t) dtefyyo b(s) ds7

where xy € I and yo € J are some fixed points.
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Remark 178 Conservative fields are useful is solving differential equations.
Consider the differential equation

where
g(z,y) = (91 (z,9), 92 (2,9))

is of class C*. If g conservative, then there exists a function f : U — R such
that Vf =g, so that

o (3, (x))
"(z) = -9z
i Trrss

which implies that

o () + G @)y @) o

Consider the function
h(z) = f(z,y(z)).
By the chain rule, we have that

_9f
T Oz

of

b () (z,y (z)) + Jy (z,y (2))y (x) = 0.

Hence, h is constant in each connected domain of its domain. Assume that h is
defined in some interval I, then

f(z,y (x)) = constant

for all x € I. Thus, we have solved implicitly our differential equation.
If g is not irrotational, but it admits an integrating factor h # 0, then
/ (.13) _ _gl (I, Y (l’)) - _ h (:Ea Y (ZE)) g1 (:E7 Yy (ZE))
g2y () h(zy(@)g2(zy(@)

and if the function hg is conservative with V f = hg, then we can conclude as
before that
f(z,y(x)) = constant

for all x € I, so we have solved implicitly our differential equation.
Example 179 We want to solve the differential equations
, 2log(zy)+1
y=———= -

Y

Consider the function

g(z,y) = <2log (zy) + 17—;6) :
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Let’s see if g is irrotational. We have

0 2 1 0 x
gy(?log(xy)ﬂ): ; #—5:% (—y).

: Hence, g is not irrotational, and so it cannot be conservative. Let’s try to find
an integrating factor h. We have

Pa) - e =+ =) (@) = b o1 ()

—a(o)(=2) < b) 21og o) + 1.

Take a () = —32 and b(y) = 0. Then

_3 - ¢
h (x7y) _ effwo 2 dtefio Ods _ e—Slog\zH—Slogzg — celog|m\ 3 — ‘ |3
x

is an integrating factor. Indeed,

i (hemem )4 -2 ()

Hence,

h(z,y)g(x,y) = <|$1|3 (2log (vy) + 1), — gi; )

2"y

1s irrotational. Its domain s the set U = {(x,y) eR?: 2y > 0}, which is given
by the disjoint union of two convex sets. In each of these convexr sets hg is
conservative by the the Poincaré lemma. Let’s find a potential f. We have

af 1 of B z
and so
f(m,y)=/ (2.y) dy — /
=——glogly| +c(z).
le
Hence,
f(@,y) = 1Og|y| +c(z).

If x > 0 and y > 0 differentiating with respect to x, we get

1 0 0 1 2 ,
— (2log (zy) +1) = 8;: (z,y) = p <x2 logy + c(x)) =3 logy + ¢ ()
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and so

It follows that

Hence,

2 1 1

s Ifx <0 and y < 0 differentiating with respect to x, we get

1 _of _o (1 __2 /
5 Qloglayl +1) = 5L ) = 7 (L 1osbl +c)) = - Zoglyl+ @
and so

2 2 1 2
—gloglel = loglyl + — = ——zlogly| + ¢ (2).

It follows that
2 1
/ —
d(z) = fﬁlog |z| + et
Hence,

2 1 1
_ / _ o
d@—/ﬂ@m—/<lg%kw+ﬁ>m—ﬂbgﬂme
In conclusion the potential is

F o) = —ﬁ10g|y|—x%(logm+l)+01 if >0,
LY = —%log|y|+x%1og(f:c)+02 if © <0.

|z

Monday, April 8, 2013

15 Integration

Given N bounded intervals I,...,Ix C R, a rectangle in RY is a set of the

form
R:=1 x---x1In.

The elementary measure of a rectangle is given by
meas R :=length [ - --- - length Iy,

where if I,, has endpoints a,, < b,,, then we set length I,, := b,, —a,,. To highlight

the dependence on N, we will use the notation measy.

Remark 180 Note that the intersection of two rectangles is still a rectangle.
We will use this fact a lot in what follows.
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Given a rectangle R, by a partition P of R we mean a finite set of rectangles
Ry, ..., R, such that R;,NR; =0 if i # j and

Exercise 181 Let R C RY be a rectangle and let P = {Ry,...,R,} be a
partition of R. Prove that

n
meas R = E meas R;.

i=1
Hint: Use induction on N.

Given a rectangle R, consider a bounded function f : R — R and a partition
P of R. We define the lower and upper sums of f for the partition P respectively
by

L(f,P):= ZmeasRi inf f(x),
i=1

xER;

U(f,P):= ZmeaSRi sup f(x).

i—1 XER;

Since f is bounded, using the previous exercise, we have that

meas 1 inf f (x) = > meas R; inf f(x) < L(fP) (16)

i=1

<U(f,P) < ZmeaSRi sup f (x) < meas Rsup f (x).
i—1 XER xXER

The lower and upper integrals of f over R are defined respectively by
/f (x) dx :=sup{L(f,P): P partition of R},
JR
/f (x) dx :=inf {U (f,P) : P partition of R}.
R

Given a rectangle R and a bounded function f : R — R, we say that f is
Riemann integrable over R if the lower and upper integral coincide. We call the
common value the Riemann integral of f over R and we denote it by [ gt (%) dx.
Thus, for a Riemann integrable function,

[ s axi= [ 169 ix= [ 160 i

72



Remark 182 Note that the function f = 1 is Riemann integrable over a rec-
tangle R and

/ 1dxr = meas R.
R

To determine when a function is Riemann integrable we need to introduce
the notion of sets of Lebesgue measure zero.

Definition 183 A set E C RY has Lebesgue measure zero if for every € > 0
there exists a countable family of rectangles R, such that

ECURn and ZmeaSRn <e.

n

Example 184 Let’s see some examples.

(i) A singleton E = {c} has Lebesque measure zero. Given € > 0, take R to
be the cube centered at ¢ and of side-length e*/N.

(i) If a set E contains an open rectangle R, then it cannot have Lebesque
measure zero. Indeed, for any countable family of rectangles R, , we have

RCEcC|JRn,

and so
meas R < Z meas R,,.
n
Taking € < meas R, we obtain a contradiction.

(i1t) A countable set E = {x,}, has Lebesque measure zero. Given € > 0, take
R, to be the cube centered at x,, and of side-length (2%)1/N. Then

ZmeasRn 2622% <e.

In particular, N, Q, and Z all have Lebesgue measure zero.

(w) If {EL}, is a countable family of sets, each with Lebesgue measure zero,
then their union
E:=]JEx
k

has Lebesque measure zero. Indeed, given € > 0 fiz k. Since Ey has
Lebesgue measure zero, there exists a countable family of rectangles Rﬁ{“ )
such that

Ly, C UR&L’“) and Zmeas R < 2%
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Consider the family {RS{")} K It is still countable,

E=JE. c|JRP
k k n

and

;measR%k) = ;;meaSRgf) < ; 2% <e.

(v) There are uncountable sets that have Lebesque measure zero. One such
example is given by the Cantor set.

Exercise 185 Prove that the boundary of a rectangle R C RN has Lebesque
measure 2ero.

Exercise 186 Prove that in Definition 183, the rectangles R,, can be assumed
to be open.

The following theorem characterizes Riemann integrable functions.

Theorem 187 Given a rectangle R, a bounded function f : R — R is Riemann
integrable if and only if the set of its discontinuity points has Lebesgue measure
zero.

Wednesday, April 10, 2013
Second midterm
Friday, April 5, 2013
The next theorem is very important in exercises. It allows to calculate triple,
double, etc.. integrals by integrating one variable at a time.

Theorem 188 (Repeated Integration) Let S C RY and T C RM be rec-
tangles, let f : S x T — R be Riemann integrable and assume that for every
x € S, the functiony € T — [ (x,y) is Riemann integrable. Then the function
x €S [, f(x,y) dy is Riemann integrable and

] ) d(X’Y)=/S(/Tf(X7y) dy) dx. (17)

Similarly, if for every'y € T, the function x € S — f(x,y) is Riemann inte-
grable, then the functiony € T — fs f(x,y) dx is Riemann integrable and

[ rew) d(x,y>=/T(/Sf<x,y> dx) ds.

Example 189 Let’s calculate f[o uxpon & (x,y) d(z,y), where

[ (e.y) = wsin (@ +y).
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Since f is continuous and bounded, we can apply the previous theorem. We have

1/ 1
/ xsin(m—l—y)d(m,y):/ (/ xsin (z + y) dy) dx
[0,1]x[0,1] 0 0

/le(/olsin(:z:+y) dy> dx

1
= / x [—cos (z + y)]zié dx
0
:/O x [—cos (x4 1) + cos (z + 0)] dz.

We wuse integration by parts with h(z) = x so that b/ (z) = 1 and ¢’ (z) =
—cos(z+ 1)+ cosz, so that g(z) = —sin (z + 1) +sinz. We have

1
/ %[f cos (x + 1) + cosz] dx
0

g/

r=1 1
= |z[—sin(z 4+ 1) + sinz] —/ 1[—sin(z + 1) + sinz] dz
h g oo O g
1
=sinl —sin2 -0 +/ [sin (z + 1) —sinz] dz.
0
We can also define the Riemann integral over bounded sets E. Given a

bounded set £ C RY, let R be a rectangle containing E. We say that function
f: E — R is Riemann integrable over E if the function

[ fx) ifxeR
g(x)'{o ifxeR\E

is Riemann integrable over R and we define the Riemann integral of f over E

to be
e dxi= [ a0 ax

Exercise 190 Prove the previous definition does mot depend on the choice of
the particular rectangle R containing E.

Given a bounded set £ C RY, let R be a rectangle containing £. We say

that E is Peano-Jordan measurable if the function xp is Riemann integrable
over R. In this case the Peano—Jordan measure of E is given by

meas F ::/ XE (x) dx.
R

In dimension N = 2, the Peano—Jordan of a set is called area of the set and in
dimension N = 3 it is called volume of a set.
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Exercise 191 Prove that the previous definition does not depend on the choice
of the rectangle R containing E.

Remark 192 Note that a rectangle is Peano—Jordan measurable and its Peano—
Jordan measure coincides with its elementary measure (see Remark 182).

Theorem 193 A bounded set E C RN is Peano-Jordan measurable if and only
if its boundary is Peano—Jordan measurable and it has Peano—Jordan measure
zero.

Definition 194 A set E C RV is called a normal domain if it can be written
as

E={(xy)eRxR: a(x)<y<pB(x)},
where R C RN is a rectangle, and o : R — R and 8 : R — R are two Riemann

integrable functions, with a (x) < 8 (x) for all x € R.

Theorem 195 A normal domain E C RN+ js Peano—Jordan measurable and

B(x)
measyy1 B = / / 1dy | dx.
R a(x)

Theorem 196 Let E C RN*! be a normal domain and let f : E — R be a
bounded continuous function. Then f is Riemann integrable over E and

[ e dex = [ < / f:)ﬂx,y) dy) dx.

Example 197 Calculate the volume of the set E C R3 bounded by z = /2 + 12
and x? +y? + 22 — 2 = 0. Note that the first is a cone, while the second can be

written as x% + y* + (z — %)2 = % and so it is a sphere of center (0,0, %) and
1

radius 5. To see where these surfaces intersect, let’s solve the system

{z: /x2+y2 @{22:x2+y2 @{z2:x2+y2

224+ yi+22—2=0 2y +22—2=0 24+22-2=0

22 = g2 42 22 = 22 42
@{2(22—1):0 < z=0o0rz=3

and so they intersect at the origin or at the plane z = % Note that E is a
normal domain, since we can write it as

1 1 1
E:{(m,y,z)ER3: \/x2+y2§z§§+ 4—(x2+y2),x2+y2§4}.

We have

meass F = / xE (x) dx.
[—1,1]x[~1,1]x[0,1]
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Let’s apply Theorem 188,

measz F :/ </ xe ((z,9,2)) d(xvy)) dz.
[0,1] [-1,1]x[-1,1]

So we are fixing zg € [0,1] and we are cutting the set E with the plane z = zg
and calculating in R? the area of the section

E., = {(.5) €B2: (a,y,20) € E}

_ {(x,y)€R2:x2+y2§zo—z§} if zg €
T {(zy) eR?: 2ty <23} if 29 €

me353E = / (/ XE (xay,z) d(x7y)> dz
[0.3] \/I-1.1]x[-1,1]
[3.1] [—1,1]x[-1,1]

2

1
571,
0,1].

Hence,

= / meass F, dz + / meass F, dz
[0.5]

[3.1]
-/,

722 dz —|—/ T (z — 22) dz.
3.1

5] 3,

Another possibility would have been to use

measz F/ = / (/ Xe (z,y,2) dz) d(z,y).
[—1,1]x[-1,1] [0,1]

Mondy, April 15, 2013

Exercise 198 Cualculate the integral

/ log (zy) dzdy,
E

where E is the set of R? bounded by the curves xy = 1, v = y?, and x = 3.

Exercise 199 Calculate the integral
/ xlog (1 + yz) dxdy,
E
whereE:{(x,y)€R2: %—i—%ﬁl,mz—yz:l,xZO},

Exercise 200 Find the volume of the set E of R? enclosed by z = % (m2 + yz)

and z = \/4 — 22 — 42,
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Next we discuss some properties of Riemann integration.
Proposition 201 Given a rectangle R, let f,g: R — R be Riemann integrable.

(i) If A € R, then Af is Riemann integrable and
/ A (x) dx = )\/ f(x) dx. (18)
R R
(i) The functions f + g and fg are Riemann integrable and
[ gt ax= [ fe it [ gax o)
R R R

(iii) If f < g, then
/ f(x)dx < / g (x) dx.
R R

(iv) The function |f| is Riemann integrable and

/Rf(X) dx s/R\f<x>|dx.

Exercise 202 Give an example of a bounded function f : R — R such that |f]
1s Riemann integrable over R, but f is not.

Remark 203 If E,F C RY are two Peano—Jordan measurable sets, with E C
F, then xg < xr, and so by Proposition 201,

meas E < meas F.

Exercise 204 Prove that if E C RY and F ¢ RY are Peano-Jordan mea-
surable and R is a rectangle containing E, then EUF, ENF, R\ E are
Peano—-Jordan measurable.

Exercise 205 Prove that if Eq1,...,E, C RN are Peano-Jordan measurable
and pairwise disjoint, then

meas <CJ Ei) = imeas E;.
i=1

i=1

Exercise 206 Prove that if E1,...,E, C RN are Peano-Jordan measurable
and E C U;L:1 E; is Peano—Jordan measurable, then

n
meas E < Z meas F;.

i=1
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Theorem 207 Given a bounded set E C RY and a Riemann integrable function
f+E—-R,if F CFE is Peano—Jordan measurable, then f is integrable over F.

Theorem 208 If E C RY is given by the disjoint union of a finite number of
Peano—-Jordan measurable,

and if f: F — R is f is Riemann integrable over E, then

N
/Efalx:nz_:1 Enfdx.

Corollary 209 If E C RY is given by the disjoint union of a finite number of
normal domains,

N
E= UEny

n=1

then
N

measy B = E measy F,
n=1

and if f : E — R is a bounded continuous function, then f is Riemann integrable

over B and
N
fdx = / fdx.

Theorem 210 Let E C RN be symmetric with respect to the hyperplane x; = 0,
that is,

x=(x1,..., ..., 2N) EE=> 2= (21,...,—24,...,2Ny) E F

and let f : E — R is Riemann integrable over E. If f is odd with respect to x;,
that is,

flx,...,—z .. yzn) = —f(z1,.. ., 24y, TN)

/Efdx:O,

while if is even with respect to x;, that is,

then

flxr, . o,—x oo an) = f(@1,.0 0 X4y TN

/fdx:2 fdx,
E By
where B; = {x € E: x; > 0}.

then
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Example 211 Let’s compute the area of a circle of radius r centered at (0,0).
We have
E={(z,y) eR*: 2” +y* <r’}

and so
measy B = / 1 dxdy.
E

Since f =1 is even in x and in y and since E is symmetric with respect to both
azes, we have that

meass = 4/ 1dzxdy,
Ey

where
By ={(z,y) eR*: 2’ +¢y* <r? >0,y >0}

z{(a:,y)eRQ:OSySm,Oﬁxgr}.

Since E1 is normal,

N~ .
measy E = 4/ (/ 1dy> dr = 4/ [vly—o T
o \Jo 0

_4/0’” [Vi# = 0] dr.

Using the change of variables x = rcost), where 0 < 0 < 7, we get dv =
—rsin@dl and V12 — 22 = V12 —r2cos20 = Vr2sin® 0 = rsin, so that

r /2
measg F = 4/ [\/ r2— g2 — 0} dx = —4/ V712 —1r2cos?f(—rsind) do
0 0

7T/2 1
= 47‘2/ sin? 0 df = 47"2171'.
0

16 Change of Variables

Theorem 212 Let U C RY be an open set and let g : U — RM be a function
of class C' , with N < M. Let E C RY be a Peano—Jordan measurable set with
E C U. Moreover, if N = M, assume that E has measure zero. Then g (E) is
Peano-Jordan measurable with measure zero.

Theorem 213 (Change of variables for multiple integrals) Let U C RY
be an open set and let g : U — RN be a one-to-one function of class C' such
that det Jg (x) # 0 for allx € U. Let E C RN be Peano-Jordan measurable
with E C U and let f : g(E) — R be Riemann integrable. Then the function
X € E— f(g(x))|det Jg (x)| is Riemann integrable and

/ f(y) dy = / £ (g () [det Jg (x)] dx.
g(E) E
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Example 214 Let’s calculate the integral

/y;(wﬁ-y)dwd%

F::{(x,y)€R2:0<x<y<2x,1<my<2}.

where

Consider the change of variables w = xy and v = £. Let’s solve for x and y.

We have x = \/g and y = /uv. Define g : U — R? as follows

= ()

U::{(u,v)€R2zu>0,v>0}.

where

Then g is one-to-one and its inverse is given by g~ (z,y) = (zy, %). (Note
that in general it is much simpler to check that g is one-to-one than finding the
inverse). Moreover,

_ 84 (u,0) S8 (u,0) )

det Jg (u, v) det( 5 () 82%(%1))
1L Ju 1

2e o v

Set E = (1,2) x (1,2) and note g (E) = F. By the change of variables theorem,

//F (x+y) dedy = // (g1 (u,v) + g2 (u,v)) |det Jg (u, v)| dudv

S ()
()
It follows that

[ wrnaa= [ ([ (+ L") a )du:;[([_%%l%{j) "

= ;/Igﬂlog%lu = é (log 2) (2\/5— 1).

Wednesday, April 17, 2013
The previous theorem unfortunately does not work for polar coordinates.
The problem is that polar coordinates are not one-to-one.

81



Corollary 215 Let E C RY be a Peano-Jordan measurable set, let g : E — RN
be such that there exist ng; mE foralli,j=1,...,N, and that they are bounded
and continuous. Assume that there exists a Peano—Jordan measurable set E1 C
E such that meas (E,) = meas(g(E1)) = 0, E\ E; is open, det Jg (x) # 0
forallx € E\Ey and g : E\ E; — RY is one-to-one. Let f : g(E) — R
be Riemann integrable. Then the function x € E — f(g(x))|det Jg (x)| is
Riemann integrable and

/ f(y) dy = / £ (g () det Jg ()] dx.
g(E) E

The most important applications of the previous corollary is given by polar
coordinates in R2. Let P = (z,y) € R\ {(0,0)}, let O = (0,0), and let 0 be
the angle that the OP forms with the positive x axis. Then 0 < 6§ < 27 and
x =rcosf and y = rsinf, where r = \/z2 + y2. Hence,

g (r,0) := (rcosf,rsinf), (r,0) € [0,00) x [0,27).

Note that partial derivatives of g of any order exist in R? and are continuous.
The Jacobian of g is given by

9a1 (1, 9) 891@9))
det Jg (1,0) = det v o
5 () (%w) 5% (1.9)

= det C.ose —rsing =rcos’f+rsin?6 =r,
sinf rcosé

which is zero at » = 0. We observe that g is onto but g is one-to-one only in
the set where (0, 00) x [0,27). However, this is not open. Consider instead, the
open sets U := (0,00) x (0,27) and V := R%\ {(z,0) : > 0} and let’s prove
that g : U — V is invertible. Note that we cannot apply Theorem 213 to g
but we can apply Corollary 215, since given a Peano—Jordan measurable set
E C [0,00) x [0,27) the “bad” set F; is given by the intersection of E with the
two lines r = 0 and 6 = 0, precisely,

Ey:=E\{(r,0): r>0}U{(0,0): 6 €[0,2m)}).

Moreover g (E7) is a bounded subset of the z-axis. Hence, meas (E1) = meas (g (E1)) =
0.

Example 216 Let’s calculate the integral

2 2
/ / NVESY vy,
F T

where
Fi={(z,y) eR*: 2® +y*> > 1,2° +y* — 22 < 0} .
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Note that the domain is symmetric with respect to the x-axis and f is even in
y. Hence,

2 2 2 2
// VERY oy = 2// VEEY .
F T 3 z
where
Fi={(zy) eR*: 2 +¢y*>1,2°+y* - 22 <0,y > 0}.

Using polar coordinates we have 12 cos®> 0 + r2sin®@ > 1, that is, 7 > 1, and
72 cos? 0 + r2sin® 0 — 2rcos@ < 0, that is, 7 (r — 2cosf) < 0, which gives r <
2cos0. So 1l <r <2cosf and 0 < 6 < 5. However, for the first inequality to

make sense we need 1 < 2cos @, that is, % < cost, s00 <0< 3. It follows that
Fy is the image of the set

El:{(rae)GRQZ 0§9<%,1<r<200$9}7
which is a normal domain. Using polar coordinates, we get

2 2 2 cos2 2 ¢in2
2// 7\m;ydmdy:2/ V72 cos? 0 + r? sin 9|r|d9dr
I

B rcosf

w/3 2 cos 0 /3 1 =2 cos
=2/ / - d0:/ [
0 1 cos 6 o cosf r=1

/3 1 /3 1
:/ [4cos2971] d@:/ 4cosf — de.
o cosf 0 cos 6
For the second integral

w/3 w/3 w/3
/ 1 d9:/ cosf dé):/ (:os.é?2 20
o cosf o cos?d o 1—sin®0
and we can now make the change of variables t = sin6, so that dt = cos@dt. It
follows that

/3 cosf V32
————df = —dt
o 1—sin“0 0 1-1¢

log |1 — # + log |1 + ¢])/ =Y/

1 1 1
log (1 — 2\/§> + §1og <2\/§+ 1) .

N~ N~

Now let’s introduce spherical coordinates in R®. Let P = (x,y,z) € R3\
{(0,0,0)}, let O = (0,0,0), and let 0 be the angle that the OP forms with the
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positive z axis. Then 0 < # < 27 and z = rcosf, where r = /22 + y2 + 22.
Project P in the plane z = 0 to get a point () and let ¢ be the angle that the
OQ forms with the positive xz-axis. Then z = rsinf cos ¢ and y = rsinfsin g,
where 0 < ¢ < 27. Then

g (r,0,¢) := (rsinfcosp,rsinfsinp,rcosd), (r,0,¢) € [0,00)x[0,27]x][0,27].

Note that partial derivatives of g of any order exist in R? and are continuous.
The Jacobian of g is given by

%1 (r,0,0) %1 (r,0,0) % (r0,¢
042

oo )
or

det Jg (r,0,¢) = det | 22 (r,0,¢) (r,0,0) 52 (r,0,¢)
995 (1,0, ¢) ‘”’qu) ‘"’%M )

‘QG

o6
sinfcosp rTcosfcosy —rsinfsing
=det | sinfsingy rcosfsiny rsinbcosy =rZsinf >0
cosf —rsind 0

for » > 0 and, say, 0 < 6 < 7.

Example 217 Let’s calculate the integral

1
— dudydz,
F A 22+ y? + 22

F::{(w,y,z)eR?’: 1§x2+y2+22<4,220}.

where

Since z > 0, we have 6 € (O7 %), while 1 <r <2,0< ¢ < 27. Hence, F is the
image of the set

EZ{(T,G,Q&)ERSI 1gr<2,9€(0,f)70§@§2ﬂ}

2

and so
1 1,5 .
—————— dxdydz = - {7’ s1n0| drdfdy
F 2?2 +y? + 22 ET
2 w/2 27
z(/ rdr) / sin 6 df </ 1d<p>
1 0 0

_{ﬂ:[ cos0]o=0/*2 _<1—;) (0—1)2m.

Other important coordinates are cylindrical coordinates in R®. We project
P = (z,y, 2z) into the plane z = 0 and in the plane xy we use polar coordinates.
Then

g(p,,2) == (pcosp,psing,z), (p,p,2) €[0,00) x [0,27] x R,
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where p = /22 + y2. Note that the partial derivatives of g of any order exist
in R? and are continuous. The Jacobian of g is given by

% (p,0,2) H2(p,0,2) HE(ppr2)

991
6
det Jg (p, ¢, 2) = det 692 (0:0:2)  F2(prp.2) ai(pwp, 2)
693 (p,ﬁp, ) Tw(p7§0,z) ai(l)a% )
cosp —psing 0
=det | sinp pcospy 0 | =p>0
0 0 1
for p > 0.

Example 218 Let’s calculate the volume of the bounded set F' included between
the cone z = \/x2 + 42 and the paraboloid z = % + y>. Hence,

F = {(x,y,z)eR3: w2+y2§z§\/x2+y2,x2+y2§1}.
We have 0 < ¢ <27, p2 <2< p, 0< p<1. Hence, F is the image of the set
E:{(p,gp,z)eRS:p2§z§p,0§p§1,0§<p§27r}.

Note that E is a normal domain. Hence,

///Flda;dydz://éﬂm dpdpdz 2
() ) (1)
:27r/0p</p:dz> p_gﬂ/ ( ) )

1
2 — ) dp=2 [”—}
7r/O,O(p p*) dp =2m |3 i

1

Friday, April 19, 2013
Carnival, no classes
Monday, April 22, 2013

17 Differential Surfaces

Definition 219 Given 1 < k < N, a nonempty set M C RY is called a k-
dimensional differential surface or manifold if for every xo € M there exist an
open set U containing xg and a differentiable function ¢ : W — RYN, where
W C RF is an open set such that
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(i) ¢ : W — M NU is a homeomorphism, that is, it is invertible and contin-
uous together with its inverse o' : M NU — W,

(i1) J, (y) has mazimum rank k for ally € W.

The function ¢ is called a local chart or a system of local coordinates or
a local parametrization around xo. We say that M is of class C™, m € N,
(respectively, C*°) if all local charts are of class C™ (respectively, C> ).

Roughly speaking a set M C RY is a k-dimensional differential surface if
for every point xo € M we can “cut” a piece of M around xy and deform
it/flatten it in a smooth way to get, say, a ball of R¥. Another way to say
this is that locally M looks like R¥. Thus the range of a simple differentiable
curve is a 1-dimensional surface since locally it looks like R, while the range of a
self-intersecting curve is not, because at self-intersection point the range of the
curve does not look like R. Similarly, a sphere in R? is a 2-dimensional surface
because locally it looks like R?, while a cone is not because near the tip it does
not look like R2.

A simple way to construct k-dimensional differential surface is to start with
a set of R¥ and then deform it in a smooth way.

Remark 220 The difference between curves and surfaces, it’s that a surface is
a set of RN, while a curve is an equivalence class of functions. Also for surfaces
we do not allow self-intersections. Also, a curve can be described by only one
parametrization, while a surface usually needs more than one.

Remark 221 Note that Theorem 212 implies that if a bounded k-dimensional
differential surface is Peano—Jordan measurable, then its measure must be zero.

Example 222 Consider the hyperbola
M := {(:r,y) eR%: x2—y2:1}.

Note that the set M is not the range of a curve (why?). To cover M we need at
least two local charts, precisely, we can take the open sets

Vi={(z,y) eR*: >0}, W:={(z,y)eR*: <0},
and the functions ¢ :R— M NV and ¢ : R — M NW defined by

o (t) = (\/1+t2,t), b (t) = (—\/1+t2,t>7 teR.

Note that both ¢ and ¥ are of class C*> (the argument inside the square roots

is never zero). Moreover, ¢’ (t) = (ﬁ, 1) and ' (t) := (—ﬁ, 1), and

so the rank of J, (t) and of Jy (t) is one. Finally, o=' : M NV — R and
Y L MNW — R are given by

o My =y, v '(z,y) =y,

which are continuous. Thus, M is a 1-dimensional surface of class C*°.

86



Example 223 Given an open set V. C RF and a differential function f :V —
R, consider the graph of f,

Grh:={(y,t) eVxR:t=f(y)}.

A chart is given by the function ¢ : V. — RFTL given by ¢ (y) := (y, f (y)).

Then,
Jo (y) = < g“f(y) )

which has rank N. Note that ¢ is one-to-one and that ¢ (V) = Grh. Hence,
there exists o' : Gr f — V. Moreover, ¢! is continuous, since the projection

IT: RF+! — R”
(y.t)—y

is of class C* and @' is given by the restriction of Il to Gr f. Hence, Gr f is

an k-dimensional differential surface.

The next proposition gives an equivalent definition of surfaces, which is very
useful for examples.

Proposition 224 Given 1 < k < N, a nonempty set M C RN ,and m € N,
then the following are equivalent:

(i) M is a k-dimensional surface of class C™.

(ii) For every xo € M there exist an open set U C RN containing xo and a
function g : U — RN=F of class C™, such that

MNU={xeU: g(x)=0} (20)
and Jg (x) has mazimum rank N —k for allx e M NU.
Wednesday, April 24, 2013

Example 225 (Torus) A torus is a 2-dimensional surface M obtained from a
rectangle of R? by identifying opposite sides. Consider the chart ¢ : (0,27) x
(0,27) — R? given by

¢ (u,v) := ((rcosu+ a) cosv, (rcosu + a)sinv, rsinu) , (21)

where a > 0 and v > 0. Define M := ¢ ((0,27) x (0,27)) C R3.
First method. Let’s prove that M is a 2-dimensional surface. Note that ¢ is
of class C and

—rsinucosv — (rcosu+ a)sinv
Jy (u,v) = | —rsinusinv  (rcosu+ a)cosv
7 COS U 0
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Observe that if rcosu + a = 0, then

—rsinucosv 0
Jo (u,v) = | —rsinusinv 0
7 COSU 0

and so J, (u,v) cannot have rank 2. Thus, for M to be a 2-dimensional surface
we need to assume that rcosu + a # 0 for all u € (0,27). In what follows we
assume that
a>r.

—rsinucosv — (rcosu+ a)sinv
—rsinusinv  (rcosu+ a) cosv
Then rcosu+a > 0. If sinu # 0, then the determinant is different from zero
and so so J, (u,v) has rank 2. On the other hand, when sinu = 0, that is, when
u =T, then

The submatriz has determinant —r sinu (r cosu + a).

0 —(-r+a)sinv
Jy (m,0) = 0 (-r+a)cosv
- 0

For any v € (0,27), either cosv # 0 or sinv # 0 (or both) and so either the
0 (-r+4a)cosv ) or< 0 —(—r+a)sinv > have determi-
—r 0 —r 0
nant different from zero. Thus, we have shown that when a > r, J, (u,v) has
rank 2 for all (u,v) € (0,2m) x (0,27).
To see that ¢ is one-to-one, consider (z,y,z) € M. We want to find a
unique pair (u,v) such that ¢ (u,v) = (z,y,2). Note that to find u we can use
sinu = £. The problem is that there are two values of u, one in (O, g) U (37”, 277)

and one in [g, 37”} If 22 + y? < a2, then

submatriz (

2? + 1y = (rcosu+a)® cos® v+ (reosu + a)’sin?v = (rcosu + a)® < a2,

that is cosu (rcosu + 2a) < 0, so that cosu < 0, that is, T < u <
this case this determines uniquely u in terms of (x,y,z). On the other hand, if
22 + 3% > a?, then cosu > 0, and so either 0 < u < 5 or 37” <wu < 2m. Again,

this determines uniquely u in terms of (z,y,z). In turn,

u<37”, So in

- %  gny=—Y
cosv= (rcosu+a)’ Sy (rcosu+a)’

which determine uniquely v. Thus, ¢ is one-to-one. We leave as an exercise to
check that ="' is continuous.
Second method: Let’s write down M explicitly. We have x?+y* = (r cosu + a)z,

2
and so \/z? +y%2 =rcosu+a >0 (since a >r). In turn, (\/$2+y2 —a) =

r2 cos? u. Adding r? sin®

M={Eper: 2= (VT T -a) '},

u = 22 to both sides gives
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Consider the function

2
g(z,y,2):=2>+ (\/gc2 + 12 —a) — 2

Note that g is not of class C' in R3, since at points (0,0, z), we have problems.
However, these points do not belong to M. Indeed,

g(0,0,2) =2>+a®> —r2>a*>—1? > 0.

Hence, we can take U = {(z,y,2) € R®: 2®> +y? > 0}. Then g is of class C*
m U since

Jg (z,y,2) = Vg (z,y,2)

2 2y
= 2(\/332—1— 2—@) 7,2(\/302—&— 2—@) ,22
< Y 2y/x? + 2 Y 2¢/2? 492

is continuous in U. To prove that Jg4 (x,y, z) has rank one in U, note that if
z # 0, then % =22 #0, while if z =0, then 2> +y? > 0, so x and y cannot be

dg dg (

both zero, so 3% (x,y,z) or 3, (T, z) are different from zero. Thus, J, (z,y, 2)

has mazimum rank 1. This shows that M is a 2-dimensional surface of class
Cc*.
Note that M is obtained by taking the circle of radius r and center (0,a,0),

namely,

(y—a)’+22=r?

and revolving it about the z.

The Klein bottle is obtained by starting from a rectangle of R?, reflecting
one of its sides across its center and then performing the identification.

Exercise 226 (Klein Bottle) Consider the function ¢ : (0,27)x (0, 27) — R4
given by

¢ (u,v) = ((Tcosv+a) cosu, (rcosv + a) sin u, r sin v cos 5 Tsinvsin 5) .

Then Klein bottle is the set M := o ((0,2m) x (0,27)) C R%. Prove that M is a
2-dimensional surface of class C*°.

Example 227 Consider the unit sphere in RN, N > 2,

M:={xeR": |x|=1}.
Given xg € M consider the function g (x) := ||x||*> =1 (here N —k =1 and so
k=N-1). Then J,(x) = Vg (x) = 2x. By taking a ball B (x¢,7) so small that

it does not intersect the origin, we have that 2x # 0 for all x € M N B (xo, )
and so M is a (N — 1)-dimensional surface of class C*.
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Example 228 Given an open set U C RY and a function f : U — R of class
C", for every c € R consider the level set

B, ={xeU: f(x)=c}.

Given xg € B, consider the function g (x) := f (x) —c (here N —k =1 and so
k=N—1). Then J,(x) = Vf(x). Hence, we have a problem if B. contains
some critical points. Thus, let

M={xeU: f(x)=ct\{xeU: Vf(x)=0}.

Given xog € M, since Vf (xo) # 0 and f is of class Ct, by taking a small ball
B (x0,7) we have that Vf (x) # 0 for all x € M N B (xg,r) and so M is an
(N — 1)-dimensional surface of class C*.

Friday, April 26, 2013

Definition 229 Given a k-dimensional surface M and a point €y € M, a
vector t is a tangent vector to M at xq if there exists a function ¥ : (—r,r) — M
such that ¥ (0) = xy and v is differentiable at t = 0 with ¥’ (0) = t. The set
of all tangent vectors to M at xq is called the tangent space to M at xg and is
denoted T (xg).

We will see that T (x) is a vector space of dimension k.

Definition 230 Given a k-dimensional surface M and a point xy € M, a
vector n is a normal vector to M at zg if n-t =0 for all t € T (zo).

Theorem 231 Given a k-dimensional surface M of class C' and a point zq €

M, if p: W — RY is a local chart with ¢ (y,) = zo then the vectors gTi (¥0),
e % (yo) form a basis for the tangent space T (xo). Hence, a vector m is a

normal vector to M at zqy if n - g—j (yo) =0 foralli=1,... k.

Theorem 232 Given a k-dimensional surface M of class C* and a point o €
M, if M is represented as in (20), then the tangent space T (xg) is given by
the kernel (or null space) of the matriz Jg (xo). The vectors Vg1 (xo), ...,
Vyn—k (x0) forms a basis for the normal space.

18 Surface Integrals

To define the integral of a function over a surface, we use local charts. Given
1 <k < N we define

ANJC::{aENk: 1§O(1<OQ<"'<O¢]€SN}.

Given a k-dimensional surface M of class C"™, m € N, consider a local chart
@:V — M, let EC (V) be such that ¢~! (E) is Peano-Jordan measurable
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and let f: E — R be a bounded function. The surface integral of f over E is
defined as

Lroe= [ reen,| $ fadimeeted )y oo

eyl - Yk)

2
provided the functiony € ¢~ (E) — f (¢ (y)) \/ S eenn s [det % (y)}

is Riemann integrable. Note that || I’y dHF exists if f is bounded and continu-
ous. In particular, if f =1, the number

a€EAN K

is called the k-dimensional surface measure of E.

Remark 233 To understand the expression under the square root, observe that
the Jacobian matriz of ¢,

2] 9
o y) o T y)

Jo (y) =

2] ‘ 9 i
aizlv (Y) 521: (Y>

is an N X k matriz, where 1 < k < N. The expression under square root is
obtained by considering the sum of the squares of the determinant of all k X k
submatrices of J, (y).

Remark 234 It can be shown that the number fEdek does not depend on
the particular local chart .

Example 235 Consider the set
M = {(z,y, z,w) eERY: 2?4y =1, 224w =1, 2,2 > 0}.

Let’s prove that it is a 2-dimensional surface. A (local) chart ¢ : (—g, g) X

(fg, g) — M s given by
© (u,v) := (cosu, sinu, cosv,sinv) ,
so that
—sinu 0
CoS U 0
Jo (u,v) = 0 —sinv
0 cosv
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cosu 0
0 — Ccosv

0, and so J, (u,v) has rank 2. Moreover ¢ is one-to-one with continuous inverse
and of class C'. Hence,

2 . 2 . 2
Z <det(M(u,v)> = (det( —sinu 0 >) + (det( T 0 ))
v 0 (u,v) cosu O 0 —sinwv
. 2 2
+(det( —sinu 0 )) +(det< Ccos U 0 ))
0 COs vV 0 —sinwv
2 . 2
+(det<cosu 0 )> +<det<0 —.smfv ))
0 Ccos v 0 sinwv

= 0+ sin? usin? v + sin® u cos® v + cos? usin? v + cos® u cos? v + 0
=1.

Since cosu, cosv > 0, the submatrix ( ) has determinant — cosu cosv <

Let’s now calculate the surface integral fM (5[?2 + z2) dH?. We have

/ (2° +2%) dH* = /5 /5 (cos® u + cos® v) V1 dudv
M ,% _

jus
2

[ME]

™
El
7r/ c0s2udu+7r/ cos?vdv = 2.

T
2

[SE]

Monday, April 29, 2013

19 Divergence Theorem

Definition 236 An open and bounded set U C RY is regular if for every xg €
OU there exist an open set V. C RN containing xo and a function g : V — R,
with Vg (x) # 0 for all x € V, such that

UnNnV={xeV:gkx) <0},
VNoUu ={xeV:g(x) =0}.

It follows that QU is an (N — 1)-dimensional surface of class C*.

Definition 237 Given an open, bounded, reqular set U C RN, a unit normal
vector v to OU at Xg is called a unit outward HO@al to U at xq if there exists
0 >0 such that xg —tvr € U andx0+tu€RN\Uf0rall0<t<6.

Exercise 238 Prove that if U C RY is an open, bounded, regular set, and g is
as in Definition 236, then for every xo € OU, the unit outward normal to U at
Xq 18 the unit vector

Vg (xo)
¥ (%0) = g o)l

Hence, v : OU — RY is a continuous function.
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We are ready to state the divergence theorem.

Theorem 239 (Divergence Theorem) Let U C RY be an open, bounded,
reqular set and let f : U — RN be such that f is bounded and continuous in
U and there exist the partial derivatives of £ in RN at all x € U and they are
continuous and bounded. Then

i = x)-v(x N-Lix
/Udlvf(x)dx—/an() (x) dH (x),

where
N

. Ofi
divf := ; 05,

Remark 240 In physics [, f(x)-v (x) dHN ! (x) represents the outward flux
of a vector field £ across the boundary of a region U.

We recall that given two vectors a = (a1, az,a3) and b = (by, by, b3) of R?,
their cross-product or vector-product is defined by

axb:= (a2b3 — a3b2,a3b1 — albg, a1b2 — agbl)

e e e3
= det a1 a2 as
by by b3

Remark 241 For a 2-dimensional manifold M in R3, given a local chart ¢ :
W — R2, where W C R? is an open set, we have that a basis for the tangent
space at a point ¢ (u,v) € M is given by g—i (u,v) and g—f (u,v) and the two
unit normals are given by

o o
n a—i(u,v) X 8—f(u,v)

52 (u,v) x g—f(u,v)H.

It follows by direct computation that Hg—i (u,v) x % (u,v)H s given exactly by

ov
2
\/ZO‘EAS 2 (det 3(‘2‘2;‘5;2) (U"U)) . Hence,

/ f(:r’ayaz)'u(x7yvz) dH2 (fE,y,Z)
e (W)

+ (g—i (u,v) X g—f (u,v)) (Pars Pas) 2
= /W f (¢ (u,v)) ‘ g% o) x g% (uvv)H a;M 2 (det g(u7(p) (u,v)) dudv
=4 . f(p(u,v)) <gi (u,v) X g—f (u,v)> dudv,

where the sign has to be chosen appropriately.
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If ECRY and f: E — RY is differentiable, then f is called a divergence-free
field or solenoidal field if
divf = 0.

Thus for a smooth solenoidal field, the outward flux across the boundary of a
regular set U is zero.

Corollary 242 The theorem continues to hold if U C RN is open, bounded, and
its boundary consists of two sets By and Es, where Ey is a closed set contained
in the finite union of closed and bounded manifolds of class C* and dimension
less than N — 1, while for every xo € Es there exist a ball B (xo,7) and a
function g € C* (B (xo,7)) such that with Vg (x) # 0 for all x € B (xq,7)NdU,
such that

B (xg,7)NU = {x € B(xq,7): g(x) <0},
B (x0,7)\U = {x € B(x0,7) : g(x) >0},
B (x9,7)NOU = {x € B(x0,7r): g(x)=0}.
Remark 243 In particular, the previous corollary works if U C RN is open,

bounded, and OU is given by a finite union of manifolds of dimension N —1 and
a finite union of manifolds of dimension less than N — 1.

Tuesday, April 30, 2013
Recitation.

Example 244 Let’s calculate the outward fluxz of the function
f(z,y,2):= (a:,y,zQ)
across the boundary of the region
U:={(z,y,2) ER®: -1 <z<—2>—y*}.

First method. Let’s use the divergence theorem. Note that U is not a reqular
open set (why?) but it satisfies the hypotheses of the previous corollary (why?).
We have

dive (2,9,2) = 2 (@) + 2 () + 2
or oy

P (z%) =1+1+22,

and so by the divergence theorem

/ f-vdH? :2/ (14 2) dzdydz.
oU U
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Since U is a normal domain, we have

—a?—y?
2/ (14 2) dedydz = 2/ / (14 2) dz | dzdy
U E\J-1
22 R
= 2/ {er } dxdy
E 2 z=—1
:2/ 1(m2+y2) —a? —y+ dxdy
B \2 ’
where B = {(m, y) eER?: 22 492 < 1}. Now using polar coordinates,
Lo, o o e 42 1
5(1‘ —|—y) —x? —y—l— dxdy = o T +§ rdr | df
E
l
271'/ <
0

T
1 r r2]"
o |—rf - 4+ L
7r{12 4+4}

B 6
Second method. Let’s use the definition of outward fluz. The boundary of U is

given by the union of two surfaces and by a curve (which is a lower dimensional

manifold). Precisely,
é)U:]wlU]\fguj\fg7

where
M = {(z,y,2) eER3: z=—-1,224+4% < 1},
My = {(z,y,2) € R®: 2= —2® —y? 2* +y* < 1},
My :={(z,y,2) €R®: 2= —1,2% +y* =1} .

Note that My and Ms are 2-dimensional surfaces, since M; is the graph of
the function g1 (x,y) = 1 over E = {(m,y) eER?: 22 +9% < 1} and My is the

graph of the function go (v,y) = —x® — y? over E. On the other hand, Mj
18 a one-dimensional manifold. Hence, we need to compute fMl f-vdH? and
fM2 f vdH?.

A chart for My is given by

go(x,y)Z(m,y,—l), (QT,y)EE
We have

0P (1 ) = 9 ) =
% (x7y) - (13())0), ay (Z’,y) - (Oa 170) .
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Hence, to find the normal, we need a vector orthogonal to (1,0,0) and (0,1,0),
namely, +(0,0,1). The outward normal is (0,0, —1). Hence, using Remark 241

f-vdH? = / (z,y,1)-(0,0,—1) dzdy
B

:—/ ldxdy = —.
E

My

A chart for Ms is given by

('P(xvy): (x7y7_w2_y2)a (J?,y)EE
We have
dp

I
e (z,y) = (1,0, —2z), By (x,y) = (0,1,—-2y)

Hence, to find the normal, we need

€ € €3
g—(p (z,y) x Z;—(P (z,y)=det | 1 0 —2z
t y 0 1 -2

= (2z,2y,1).

Hence, the normals vectors are + (2x,2y,1). The outward normal is (2x,2y,1).
Hence, using Remark 241

/ f-vdH? = / (x,y, (—2® — y2)2) - (2z,2y,1) dxdy
M, E
- / (2332 + 2% + (332 + y2)2) dxdy.
E

Now using polar coordinates,

2m 1
/ (23:2 + 2y + (2* + y2)2> dxdy = / (/ (2r® + %) rdr) de
E 0 0

1
= 27r/ (27‘3 + T5) dr
0
67r=1
=27 }1"4 + T
2 6 r=0
4

= —T.

3
Example 245 Let’s calculate the outward flux of the function

f(z,y,2) :=(0,yz,2)
across the boundary of the region

U:={(z,y,2) eR3: 2?4+ 9% <22, 22 +y? + 2% < 2y, z>0}.
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Note that U is not a regular open set (why?) but it satisfies the hypotheses of
the previous corollary (why?).
We have

0 0 0
divf (z,y,2) = a—I(O)—&—a—y(yz)—&—&(m) =0+12+0,

and so by the divergence theorem

/ f-udH2:/ z dxdydz.
oU U

Using cylindrical coordinates © = rcos@, y = rsinf, z = z, we get 12 cos? 6 +
r?sin® 0 < 22, that is, 2 < 22, r2cos? 6 + r2sin® 0 + 22 < 2rsinf, that is,
r2 4+ 22 < 2rsinf, and z > 0, hence, 72 < 22 < 2rsinf — r2, which implies that
r2 < 2rsin@ — 2, or equivalently, r < sin@. In turn, sin® should be positive,
and so 0 € (0,7).

W .= {(T,G,Z)GR3: 0<0<7r,r<sin0,r<z<\/2rsin9—r2}.

Hence, by changing variables

s sin 6 V2rsin0—r2
/zda:dydz:/ / / zdz | rdr | db
U 0 0 r
T sin 0 22 Z:\/m
:/ / {] rdr | df
o \Jo 2]
s sin 6
:/ / (r2sin077ﬂ3) dr | db
0 0

- 3 47 r=sin0 T
:/ [Tsing_r} d9=/ {lsin49—1sin40 do
0 3 4 r=0 o L3 4

1 1
= [ —sin'0do= .
o 12 32
Wednesday, May 1, 2013

Corollary 246 (Integration by Paits) Let U C RN be an open, bounded,
reqular set and let f : U — R and g : U — R be such that f and g are bounded
and continuous in U and there exist the partial derivatives of f and g in R at

all x € U and they are continuous and bounded. Then for everyi=1,..., N,
0 0 _
[ 1o gh e ax=— [ 66055 (o dx+ [ 1000w 60 Y ().
U i U Li ou

Proof. Fix i € {1,...,N}. We apply the divergence theorem to the function
f:U — RY defined by

prwie | fom s
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Then

N
divf = Zai—a 9) _ ;% , Of

0x; Ox; ox;’
and so
/ (f %9 +gaf) dx:/divfdx:/ f-vdHN "t = | foudHN L
U Ox; Ox; U auU ouU
[

Another important application is given by the area’s formulas in R2. Let
U C R? be an open, bounded set and assume that its boundary U is the range
of a closed, simple, regular curve « with parametric representation ¢ : [a,b] —
R2. Then the hypotheses of Corollary 242 are satisfied (why?). Given t € [a, ],
the vector ¢’ (t) is tangent to the curve at the point ¢ (t) € OU. Hence, if

@ (t) = (z(t),y(t)), the outer normal to U at the point ¢ (t) is either
y@®.2'®) (v, @)
V@ )+ (1) J@ 7+ )7

depending on the orientation of the curve. We say that « has a positive orien-
tation for QU if as we traverse the curve starting from ¢ = a we find U on our
left. In this case, the outward normal at the point ¢ (¢) is is given by

B, ®)
V@ 07 + (v (1)

Hence, if f,g : U — R are bounded and continuous in U and there exist
the partial derivatives of f and g at all (z,y) € U and they are continuous
and bounded, then applying the divergence theorem to the function f (z,y) :=

(f (z,9),9(x,v))

/U((;:J; (x,y)+gg(x,y)> dxdy:/aU (f,q) - v dH"

b ’
= [ 1000 —L%— w07 + v 0
“ V@ 0+ (1)

b J:/ (t)
+ [ gx(t),y ()
/a V@ )+ (1)

t),y(t) ' ()] dt

v (e (1) =

@ 0+ @)

I
;\
o
=
—
&
—
p
SN—
N
—
~~
N
=
QQ\
—
4~
N—
|
Q
—
&
—
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Taking g = 0 or f = 0 we get the Gauss-Green formulas

of _
| G dody= [ say (23)

/ 99 (z,y) dedy = —/ gdx. (24)
v 9y ou

Taking f (z,y) = x in (23), we get the second area’s formula

b
measU:/ ldxdyz/ z(t)y (t) dt:/ z dy,
U a oU

while taking g (z,y) = y in (24) we get the second area’s formula

b
measU:/ldazdy:—/ y(t) ' (¢) dt:_/ yde.
U a au

By adding these two identities, we get the third area’s formula

meas U = %/{)U [y @) 2" (t)+z )y (t)] dt = % [[Bdey/E)Uydx] :

Example 247 Let’s find the area of the region U enclosed by the curve of para-
metric representation

{ z (0) = (1 — cos ) cos b,
y(0) = (1 —cosf)sinb,

To see that it is simple, note that for 0 < 6 < 2w, (1 —cosf) > 0. The curve
starts from the origin and goes around clockwise only once. Note that

0 €[0,27].

z' (0) = —sinf + 2sinf cosf = sinf (—1 + 2cosb) ,
y' (0) = cosf + sin® O — cos>§ = —2cos?  + cos 6 + 1.

Thus, 2’ (8) = 0 only for sinf = 0, that is 6 = 0,7, 2w,and cosf = %, that is,
for 0 = %7‘(‘, gﬂ'. At those values,

Yy (0)=y @2r)=-2+1+1=0, ¢ (m)=-2-1+1,

(1 2 cos? L + L +1=1
=TT — —42COS™ —T COS —Tr =1,
Y3 3 3

5 5 5
y (37r> = —2cos? 37 + cos 37 +1=1.

Hence, the curve is not regular, but since these are only a finite number of bad
points, we can apply Corollary 242. Using the third area formula, we get

1 2m
measU = —5/ (1 —cosf)sinf[sinfcosd — (1 — cos)sinb] df
0

2
+%/ (1 —cosf)cosf[sinfsinf + (1 — cosf) cosb| db
0
1 27 9 9 9 1 27 9 3
== (1 —cosf)” [cos® 0 + sin® 0] df = = (1 —cos®)” df = —m.
2 Jo 2 /s 2
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20 Stokes’ Theorem

To state Stokes’ theorem, we need to introduce the notion of a manifold with
boundary.

Definition 248 Given a set E C R¥, a set F C E is relatively open in E if
there exists an open set V C R such that F=ENV.

Denote H* := {y eERF: x> 0}. Note that HF is a closed upper half-space.

Definition 249 Given 1 < k < N, a nonempty set M C RY is called a k-
dimensional differential manifold with boundary if for every xo € M there exist
an open set U containing Xo and a differentiable function o : W — RN where
W C RF is either an open set or a relatively open set of H* such that

(i) ¢ : W — M NU is a homeomorphism, that is, it is invertible and contin-
uous together with its inverse o' : M NU — W,

(i1) J, (y) has mazimum rank k for ally € W.

The function ¢ is called a local chart or a system of local coordinates or
a local parametrization around xo. We say that M is of class C™, m € N,
(respectively, C*°) if all local charts are of class C™ (respectively, C™ ).

A point xg € M is an interior point of M if there is a local chart ¢ : W —
RN, where W C R* is open set, and is a boundary point of M, otherwise. The
set of boundary points is called the boundary of M and is denoted OM .

Theorem 250 Let M C RN be a k-dimensional differentiable manifold with
boundary. Then OM is a (k — 1)-dimensional differentiable manifold.

Next we introduce the notion of orientation for a manifold with boundary.
Let M C RY be a k-dimensional manifold with boundary of class C'. Given
Xxo € M, the tangent space T (xg) is a vector space of dimension k. We say that
two bases B ={e1,...,ex}and By = {f,...,f} of T (x0) are equivalent if the
matrix that transforms one basis into the other has positive determinant and we
write B ~ By. An orientation at xo is an equivalence class [B]. Note that there
are only two possible orientations at xo. A (possibly discontinuous) orientation
O on M is a mapping that assigns to each x € M an orientation Ox. We say that
an orientation O is continuous if there exist continuous functions e; : M — RV,

.., ex : M — RY such that for every x € M, By = {e1(x),...,ex (x)} is a
basis for T (x) and Ox = [Bx]. We say that M is orientable if it admits a
continuous orientation.

Remark 251 If M C RN~ is an (N — 1)-dimensional manifold of class C*,
then for each x € M, the tangent space T (X) is a vector space of dimension
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N — 1. In turn, there are only two unit normals at the point x € M. It can be
shown that M is orientable if and only if for every x € M we can choose a unit
normal vector n (x) to M at X in such a way that the function n: M — RY is
continuous.

Theorem 252 Let M C RYN be a k-dimensional orientable manifold with bound-
ary of class C'. Then a continuous orientation on M induces a continuous
orientation on OM.

The Klein bottle or the Mébius strip are a typical examples of manifolds that
not orientable. Indeed, the normal as a function of (z,y, 2) is discontinuous (but
it is continuous if you look at it as a function of (u,v)). If you think of the normal
as a person walking on the manifold, after going around once, that person would
find himself/herself upside down, which means that there is a discontinuity.

Example 253 (The Mébius strip) Let ¢ : [0,27] x [-1,1] — R? be given by
o (u,v) := ((2 — vsin 5) sin u, (2 — vsin 5) COS U, U COS 5) .

It can be shown that M = ¢ ([0, 2x] x [—1,1]) is a 2-dimensional manifold. We

have
8‘10( ) ( ) 1 9 1 1 (sinw) 1 9 1 1 1 1
— (u,v) = | — (cosu) [ vsin—u—2 | — zvsinucos —u, (sinu) [ vsin —u — 2 | — —vcosucos —u, —=vsin —u
ou 2 2 27 2 2 277 2 2
0
c'Tf (u,v) = (— sin u sin U~ cos usin U Cos 2u> .
Hence, to find the normal, we need
0 0
oo (wv) x 52 (w.0)
€1 €2 €3
=| —(cosu) (vsingu —2) — Lvsinucos ju (sinu) (vsingu —2) — Lvcosucos ju —zvsinu
—sinusin 5u —cosusin%u cos%u
1 9) s u 1 o1 9 u+1 . 1 9) & U
= sin —u — 2 | sinucos — — —v cos sin —u — 2 | cosucos — + —vsinu, — [ vsin —u—2 | sin — | .
vsin ;u uCos 5 — 5V Cos Y, | vsin ju ucos 5 + jusiny, vsin ;u 5
Hence,
dp Op
0,0) x 0,0) = (0,-2,0
22 (0,0) % 92 (0,0) = (0,-2,0),
e Op
— (2m,0) x 2m,0) = (0,2,0).
 (2m,0) x 9 (2m,0) = (0,2,0)
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Let U C R? be an open set and let f : U — R? be a differentiable function.
The curl of f is the function curlf : U — R3 defined by

curlf (z,y, z) := (3}“3_8]”2 ofh _0fs 8102_8101>

€1 €9 €3
=det | & & # |=Vxf
fi 2 fs
Theorem 254 (Stokes’ Theorem) Let U C R?® be an open set and let f :

U — R3 be a function of class C*. Let M C U be a closed bounded 2-dimensional
orientable manifold with boundary of class C2. Then

/cuﬂf.ncm?:/ f-tdH!,
M OM

where n : M — R3 is a continuous unit normal to M and t : OM — R3 is a
continuous unit tangent to OM (with the orientation induced by the orientation
of M).

Theorem 255 Given a k-dimensional manifold M C RN with boundary of
class Ct, let ¢ : W — RN, where W C RF is an open set. Consider a bounded
open set V with V.C W and let M; = © (V) Then My is a k-dimensional
orientable manifold with boundary of class C*. Moreover, OM; = ¢ (OV).

The previous theorem shows that every manifold is locally orientable. It will
be useful in the exercises.

Example 256 Given the surface M of parametric representation
©(u,v) = (u—v,u,u2 —|—112) , (u,v) €V,

where V = {(u,v) € R* : u? + v < 1}, let’s calculate

/ curl f - v dH?,
M

f(l’,yvz) = (IQZvyayz) ’ (xayVZ) ERB'
Note that ¢ is defined in R? so we can take W = R%. To see that ¢ is one-to-
one, we find the inverse, we have t =u —v, y = u, z = u’> + v> and so, u = z,
v=u—x=z—x. Thus,

where

50_1 (.’E,y72) = (Z,Z —LC),

which is continuous. Hence, ¢ is a homeomorphism. Moreover,

1 -1
Jy (u,v) = 1 0
2u  2v



1 0 has determinant different from zero, and so J, (u,v)

has always mazximal rank two. In view of the previous theorem, M is orientable.
Thus, we are in a position to apply Stokes’ theorem. The boundary of V is the
unit circle. Thus a parametric representation of v is 1 : [0,27] — R2, where
W (t) := (cost,sint). In turn, a parametric representation for OM is given by
¢ :=pop:[0,21] — R3, where

The submatrix ( Ll

¢ (t) = (cost — sint, cost, cos® t + sin? t).

In turn,
¢’ (t) = (—sint — cost, —sint,0).

Hence, by Stokes’ theorem

/cuﬂf-udH?:/ f-tdH"
M OM

= /27r [(cost —sint)>1(—sint — cost) + (cost) (—sint) + (cost) (1) 0} dt
0

27
= - / [(c052 t — sin? t) (cost —sint) + costsin t] dt
0

27
—/ [(1—25in2t) cost — (—1+20052t) sint—l—costsint} dt
0
_ 2 . 2 .1, T
= — |sint — =sin“t + cost + —cos°t + —sin“t =0.
3 3 2 =0

Exercise 257 In the previous example calculate fM curl f-v dH? directly, with-
out using Stokes’s theorem.
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