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ABSTRACT. The evolution equation derived by Xiang (SIAM J. Appl. Math. 63:241-258, 2002) to describe vicinal
surfaces in heteroepitaxial growth is

he = = [H(ha) + (hz' + ha) haa] O]
where h denotes the surface height of the film, and H is the Hilbert transform. Existence of solutions was
obtained by Dal Maso, Fonseca and Leoni (Arch. Rational Mech. Anal. 212: 1037-1064, 2014). The regularity
in time was left unresolved. The aim of this paper is to prove existence, uniqueness, and Lipschitz regularity in
time for weak solutions, under suitable assumptions on the initial datum.
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1. INTRODUCTION

Within the context of heteroepitaxial growth of a film onto a substrate, terraces and steps self-organize
to accommodate misfit elasticity forces. Discrete models have been proposed by Duport, Politi and Villain
[4], and Tersoff, Phang, Zhang and Lagally [7]. A continuum variant of these models has been derived by
Xiang [8]. Also related are the works by Xiang and E [9], and Xu and Xiang [10]. The evolution equation
derived by Xiang [8, Formula (3.62)] is (upon space inversion)

1
hy = — {H(hﬁ + <h + hm> hm] , ()
where h describes the height of the surface of the film, and is assumed to be monotone. The time domain
is [0, T] with T' > 0 a given datum, the space domain is I := (—m, ), H denotes the Hilbert transform, i.e.,

HP)@) = Lpv [LE=Y)

=2V [y
with PV denoting the Cauchy principal value. Analytical validation for the continuum model from [8]
has been obtained by Dal Maso, Fonseca and Leoni in [3], where the authors transform (2) into a parabolic
evolution equation
Uy = — [H(UT) + ¢£1(UT’I')]_L_L y (3)
400 if £ <0,
D,(8) =P+ a), ®:R—RU{+o00}, P := 0 if£€=0,
Elog&+€3/6 if &> 0.
Here a > 0 is a constant, and u is a suitable antiderivative of . The main results in [3] is the proof of the
existence of weak solutions for (3) in the sense that:

(1) ([3, Theorem 1]) for any 7',a > 0, u® € L2, (I), there exists u € L3(0,T; W22 (I)) such that

perg perg

| o)) = ue) = Hurs () 00) = et
+ Oy (Wee (1)) — Pa(Uss(t)] dzdt > 0
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for any test function w € L3(0,T; W22 (I)) such that w, € L32(0,T; (W22 (I))") and w(0) = u°.

perg per
Moreover, log(u,, + a) € L'(0,T; L' (I));
(2) ([3, Theorem 2]) assuming, in addition, that test functions w satisfy log(w,.+a) € L3/2(0,T; L3/2(I)),
it holds

T
| Tonte)te) = @) = Huas (@) w0) = ua(t)
+ O (Wee (1)) (W (1) — Uge(t))] dadt < 0.

Here

Wgefo( )= {f € VVlif( ) : f is 2m-periodic and /fdx = 0},
T

Lf,cro( ) = {f € L3 (R) : f is 27m-periodic and /1de = 0} .

Note in that both results, the regularity in time is assumed on the test function w. Concerning the regu-
larity in time of u, it was only proved ([3, Remark 3]) that u has finite essential pointwise variation when

considered as function « : [0,7] — (Wgef"( )), where

We(I) = {f € W2 (R) : f is 2m-periodic and /fdx = 0} :
I
The main result of this paper is:

Theorem 1. Given T,a > 0, and u® € W22 (I) such that

perg
/zov dx — /H(ugx)vm dz + /[@a(vm) — B (ul )] dz >0 4)
I I
for some 2° € Ly, (I) and any v € W23 (I), then there exists a solution u : [0,T] — W33 (I) of @) in the sense
that .
/ / wn(t)p(t, ) dardt = / / [H (1 (6)) 0 (1, ) — ® (11 (1)) (1, 2)] et (5)
I

forany ¢ € C((0,T) x I;R). Moreover,
we L®(0,T; W22 (1)NnC°([0,T); L2, (1),  wue € L=(0,T;L2, (1),  u(0)=u’.

perg perg perg

The main argument is to first prove that the variational inequality (16) below admits a solution u, and
then show that such w is also solution of (@) in the sense of Theorem|[I} We remark that there is a large class
of initial data u° satisfying {@). Assume thatu?, +a > 0a.e., and that ®/,(u?,), ®,(ul,) € L*(I). Then the
convexity of ¢ gives

/ [Bo(0rs) — Ba(ul,)] dz > / (0rs — u2,)®'(u0,) da,
I I
(I) and any v € W23 (I),

perg

/zovdm—/H(ugm)vm dx—i—/vm(ﬁ;(ugm) dx—/umi)fl( uy,, ) dz > 0.
I I I I

In particular, the previous inequality holds if

[utattde <o, 2 im [FHOE) - 0l e
1

Observe that if u € C*(I), with derivatives bounded away from 0, and extended by periodicity, then such
0 is well defined.
To ensure that [, ul, ®, (ul,) dz < 0, the following are sufficient conditions:
(1) if @/,(0) > 0, then due to the monotonicity of ®/,, there exists a unique by < 0 such that &/ (by) = 0.
Thus any u° with by < uf, < 0is acceptable;

thus a sufficient condition for @) is that, for some 2° € Lger

az

Tr —
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(2) similarly, if ®/(0) < 0, then there exists a unique b; > 0 such that ®/,(b;) = 0. Thus any u° with
0 <wu?, < b is acceptable.

2. PROOF OF THEOREM[]
Let T' > 0 be given, and let I := (—m, m) be the space domain. Let
Vi=Wii (1), U:=L, (I), V:i=L*0,T;V), U:=L*0,T;U). (6)

Note that U is an Hilbert space, V' is a reflexive Banach space, and the embedding V' — U is compact.
Duality yields the pivot space structures

VeaU=V, Vold—=V. (7)

For future reference, (,) (resp. (,)y,v) will denote the duality pairing between L?(I) and L*(I) (resp. V'
and V).

Definition 2. An operator A:V — V' is:
(1) monotone if for any u,v € V, it holds

(Au — Av,u —v)yr v > 0.
Similarly, a set G C 'V x V' is “monotone” if for any pair (u,u’), (v,v") € G, it holds
(W —v u—v)y v >0.
(2) maximal monotone if the graph
Fp:={(u,Au) :ueV}CV xV'

is not a proper subset of any monotone set.
(3) pseudo-monotone if it is bounded, and

(Au,u — v)yr v < liminf(Au", u" —v)y/ v

foreveryv € V, u™, u € V, satisfying u™ — w and lim sup,, (Au™, u™ —u)yr v < 0.
(4) hemi-continuous if for any u,v € V the mapping t — (A(u + tv), v)y- v is continuous.

Remark 3. If an operator A : V. — V' is monotone and hemi-continuous, then it is maximal monotone (see [1}
Theorem 1.2]).

We will use the following result (see Kacur [6]).

Theorem 4. Let V, U, V, U be as defined in @ Let A : V — V' be a maximal monotone operator, let ¢ : V. —
R U {400} be a convex, lower semi-continuous function such that D(¢) := {v € V : ¢(v) < oo} # 0. Let
u® € U, and suppose there exist:
o 00 € D(¢) such that
0
i (Av,v — Yy v + o(v)
l[vllv—-+o0 [ollv

= o0, 8)
o 20 € U such that foranyv eV
(20,0 4+ {4, vy + 6(v) — Bu) > 0. ©)
Then there exists a unique u € L°°(0,T; V) N C°([0,T); U) such that u; € L>(0,T;U), uw(0) = u®, and
(ur (), v(t) — u(t)) + (Au(t), v(t) — u(t))v' v + ¢(v(t)) — d(u(t)) = 0
forae. timet € (0,T), andall v € V.
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Lemma 5. The operator —H : V. — V" given by

(H(u),v)yr v = /H(um)va7 dz (10)
I
is pseudo-monotone.

Proof. To prove that H is bounded, given v € V, we observe that

/ H(ugy)v, da
I

where c is a positive constant, thus || H(u)|v: < c|ju||v.

[(H(uw), v)v v|=

<M (uae )l 3 02l Lar2(ry < ellullvllollv, (1)

Consider «", u € V such that v — u and limsup,, —(H(u"),u” — w)yv’ v < 0. We need to check that
(H(u),v —u)yr v <liminf, (H(u™),v —u™)y. v forallv € V. Note that

(Vn) Hw),v—uw)yyry = (Hu—u"),v—uyy vy + (H@"),v—uyy v
= Hu—u"),v—uph v+ H@W"),o—u")y v+ (Hu"),u" —u)y v,

where lim,, (H(u — u™),v — u)y v = 0. Indeed, since u™ — uin V (hence in W23(1)), and the embedding
W23(I) — W13(I) is compact, we have that u™ — win W3(I), and in turn

[(H(u—u"),v —u)yr v|=

[ H =)o = e = | [ H =)o - ) o

< H(uw = u")allLsn (v = waell Lor2(r)

< dll(w = u")allsnl(v = Waall L2y = 0,

for some constant ¢ > 0. Moreover, u" — u in V implies that u? — w, in W13(I), and the embedding
i: WH3(I) — C%[—n,7];R) (endowed with the sup norm) is compact. Hence u” — u, in W3(I) implies
Hug — um||Lao(I) — 0, and

Hm(H(u"™),u"™ — u)y v = 1im/H(uZ$)(u;L —u,) =0
noJrI

n

since {u"} is bounded in V, and this concludes the proof. O

Note, however, that the operator —7H is not maximal monotone. To circumvent this difficulty, let

B:V —V, <BU,U>V’,V = / [U;cxvxa: - H(uxaﬂ)vx} du,
I
U, : R — (—00 + o0l U, () = 2,(¢) — €7/2,

PV = (—00 + o0, Y(u) = /\I/a(um) dz.

I
Since )
U (&) = ——12>1
o) =&tat 1>
for any ¢ > —a, ¥, is convex on (—a, +00). Consequently 1 is convex.
We will use the following properties of the Hilbert transform.

(1) [2) Theorem 9.1.3] The Hilbert transform H : L5, (I) — L%, (I) is a well-defined, linear, bounded
operator for any p € (1, +o0), where L}, (1) := {f € LP(I) : f is 2m-periodic}.

(2) [2) Theorem 9.1.9] The Hilbert transform H : L2 (I) — L2 (I) satisfies

per per

1 2
1912y = Ve + 5 ([ £)
forany f € L2, (I).

per
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(3) Also, we will use the sharp Poincaré constant for f € Wgef (I). To be precise (see [5] Section 7.7]): if
f e Wl2 (I) then

per,
/ fPda < / f2dz, (12)
where equality holds if and only if f(£) = asin& + bcos€ a.e., for some a,b € R.
Lemma 6. The operator B : V. — V' is maximal monotone and coercive.
Proof. By construction B is hemi-continuous. To prove monotonicity, note that

[(Hu, v v | < N H (ea)l| 2 luz 22y < Nteell72ry, (13)
since [2} Proposition 9.1.9] and [, u,, dz = 0 give

2
1
ez = Tl + 5 ( fLaerde) = el
TN\JI

while [Jug|/r2(1) < [|twell2(r) holds in view of {12). Thus B is monotone and hemi-continuous, hence
maximal monotone (see Remark [3). O

Lemma 7. The functionals F,(v) := / D, (vyy) da and < satisfy the coercivity conditions
I

—(H(v),v)v v +v(v) i —(HW),v)vr v + Fa(v)

1m —
l[vllv —+o00 lvllv [vllv—+o00 lvllv

Proof. Note that

=400 (14)

[(H(v), v}y v] < / [H (o )v2| do < [|vas || 30 [0all por2(ry < cllvllv (15)
I

for some ¢ > 0. We consider only functions v € V such that vz, + a > 0 a.e. (for the remaining v, it holds
Fa(v) = 400 and the thesis is trivial). Periodicity, the zero-average property of functions of V', and Poincaré
inequality, imply that ||v||y — oo forces ||vye||rs(ry — 400 (and |[vee + allzs(r)/l|Veellz3(ry — 1). The
highest order (and the only relevant) term in [, ®,(v,,) dz is the cubic term, and [, (vee + a)?dr = ||ves +
a||L3(I) Poincaré inequality gives ||v||y < avaHLz(I) for some constant a > 0. Since (H(v),v — vo)v-,v is
at most quadratic in ||ve.| 3 (1) (as |[v][v — +00), it follows that

. —(H(v),v — vo)vrv + Falv) . Ve + a||%3(1) + lower order terms e
l[o]lv —+o00 vy T ol —+oo 60|vaellL3(n) ’
proving
m —HO vy +Fa0)
llvlly —+o0 [v]lv
The proof for
L SHEO vy )
l[oflv =00 [v]lv
is analogous. O

For future reference, given a mapping v : [0,7] — V, with an abuse of notation we will denote by v(t, -)
the function v(¢). Hence we will often write v(t, z) instead of v(t)(z).

Proof. (of Theorem [I) Lemma [6] establishes maximal monotonicity for B, while Lemma [/] ensures that
holds, and hypothesis (@) results from (@). Therefore, by Theorem [ there exists a unique v : [0,7] — V
such that
u€ L0, T;V)nC°0,T);U), ug € L=(0,T;U), u(0) = u°,
and
(w,v —u) + (B(u),v —w)vrv +¢(v) —¢(u) 20 (16)
for every v € V and for a.e. t € [0, T]. Observe that
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(B(u),v — uhyry + /1 (W (02s) — Ua(t100)] dz

- / a0 — W)ae Az — (H(),0 — wyry + / [cbawm) B (un) - (@2, — 2| de, (17)
I I 2
and

1 1 1
7/(1)32” —uiz)dx: 7/(v—u+2u)m(v—u)mdx:/um(v—u)m dx+f||(v—u)m||%2,
2 Jr 2 Jr I 2

hence (17) becomes

(B(u), (i U>V’,V + /I[\I’a(vxx) - \IJ(L(ull)] dx

= (w0 = vy + [ @) = Balier) do = 0 = W
Thus the solution v of satisfies also

(ug, v —u) — (H(u),v —uyyr v + /I[<I>a(vm) — @, (ugy)]dz >0 (18)
for every v € V and for a.e. t € [0, T]. We prove that u is also a solution of (@) in the weak sense of ), i.e.,

/OT/I“t‘dedt = /OT/I[H(UT%)@T@Q(UMWM] dez dt (19)

forall p € C°((0,T) x I;R). The idea is to test (for all t such that it holds) with v = u 4+ e(p — ¢) and
v =u—e(p— @), where p(t) := [} p(t,z)dz, take the limit as ¢ — 07, and integrate in ¢. However it is
unclear whether ®/ (v,,) € L'(I), or vz +a > 0 a.e. in x. An ad hoc construction is required to overcome
these difficulties.

Step 1. Integrability of log(u,.(t) + a). The first step is to prove that log(u.,(t) + a) € L*(I) for a.e.
t € [0,T], and then show that log(u,, + a) € L*(0,T; L*(I)). Fix e € (0,1) and let v° := (1 — &)u(t). Using
v in (18), gives

(ur(t), —eu(t)) — (H(u(t)), —eu(t))v v = / Do (Uae(t)) — Pa(vg,) do

I
> /Isum(t)@;((l — &)ug(t)) dz,

where the last inequality holds since v5, = (1 — €)uz(t) > —(1 — €)a > —a, hence @, is differentiable in

v5,(x) for a.e. x € I, and also due to the convexity of ®,. By Lebesgue monotone convergence theorem

(ue(t), —u(t)) = (H(u(t)), —u®)v,,y = Hm [ e ()P4 (1 = )uae(t)) do

c—0+ J;
- / e () ¥, (1 (1)) i (20)
Note that for & > —a, ®/,(§) = log(é +a) + (€ +a)?/2 + 1, and because u(t) € V, it follows that
/ e (8) (a1 (£) + @)?] dz < 400, [t (£) 10g (110 (1) + @) dzz < +o00, (21)
I {uze (t)+a>1}

/ [tz (t) log(uzy (t) + a)| dz < +oo. (22)
{uza(t)>—a/2}
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Since v € L*>(0,T;V) and u; € L*°(0,T;U), we have that
(ue (t), —u(t)) — (H(u(t)), —u(t))vrv < +oo,
which, together with 20), 1) and 22), implies that
/ Uz (t) log(ugs (t) + a) dz < +o0, (23)
J
Ji={—a <ugg(t) < —a/2} N {ug,(t) +a < 1}
By definition of J, forally € J
Uz (t,y) <0, log(ugs(t,y) +a) <0,

i.e., the integrand u,; (t) log(u..(t) + a) is nonnegative on J. Since J C {—a < u,,(t) < —a/2}, combining
with 23) yields

% /J |log(uze () + a)| dz < /J U (£) 10g(Uge () + a) dz < +00,

and so log(ug,(t) +a) € L'(I). Integrating (20) in time gives log(u,, + a) € L*(0,T; L' (1)), with

T T
/ / e () (1100 (£) + )] dar It < +00, / / i (£) 1og (110 (1) + @) dzr dt < 400,
o Jr 0 J{uge(t)+a>1}

T
/ / |tze (t) log(uze (t) + a)| dz dt < +oo,
0 {uoa(t)>—a/2}

and we conclude that u € L?(0,T; V).

Step 2. Truncating u,,(t). To overcome the issue that for £>0, ¢ € C((0,7") x I;R), the function u,, +
a + £, may fail to be nonnegative, we construct a sequence {u3_} in the following way: let

uiz(t, x) = ﬂ‘sm(t, x) — QL /ﬁim(t, s)ds, ﬂir(t, x) = max{u..(t,x) + a,0} — a. (24)
T™Jr
Setting
Eo(t) :={z € I : 05, (t,x) # usa(t,x)}  forae.t, (25)
we have |42, (t) — wgy () || Loy < SLY(E°(¢))Y/?, p € [1,3]. Note that
LYE(t) =0 asd — 0F. (26)
Since u(t) e V C VV@E’(R), u, is continuous and 27-periodic, i.e. f] Uge (t,2) dx = 0 for a.e. t. Thus
0= / Upy (t, ) dz < / 4, (t,x)dz < SLY(E°(t)), (27)
I I

which gives

[0 (8) = Ua (B) | Lo(ry < S (8) = @0 (D)l Lo (1) + 189 () = e ()| Lo
< 2LYES(NYP,  pell,3).
Define -
wSlte) = [ aluto)dy st —m) - (8.0,

where ((t, §) is a constant chosen such that / ul(t,y) dy = 0. Since |[u, (t) — gz (t)||p1 (1) < 26L1(EC(2)), it
I

follows that |((t,d)] < 2L (E(t)).
Define also

u(t, x) == /m ul (t,y) dy + u(t, —7) — 0(t, ),

—Tr
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where 6(t, §) is a constant chosen such that / u’(t,y) dy = 0. Since |[u () — us (t)|| 11 (1) < 8TOLL(ES (1)), it
I

follows |0(t,8)| < 8mdL(E?(t)). With the above construction, we now have that
(i) ul,(t) > (1 — LY(E’(t))/2r) — a, where we used (27);
(i) u,(t) € L3(I) with zero-average on I, ud(t) € W2 (I),and u®(t) € V for a.e. t;
(iii) by Poincaré inequality, periodicity and the zero-average property of functions in V, we observe
that

lu® (t) = w()llv < Blluga(t) = vaw ()| Loy < BELHE(0)P (1 + L1(E°(1))*?)

for some constant 8 > 0.

Step 3. Proof of (I9). This will be accomplished by testing (I6) with variations of the form u®(t) £ ep(2).
Fix ¢ € C((0,T) x I;R), and a time ¢ such that (I6) holds. Two cases apply.

Case 1. Assume that there exists 0; > 0 such that £L1(E% (t)) = 0. By and (26), we have that
LY(E(t)) = 0 for any 0 < 6<6; and u®(t) = u(t). Therefore u,,(t) + a > 6;. Choose g; > 0 such that
|z (t)] < 01/2 forall e € (0,e1). We consider the variation, for ¢ € (0,¢1),

1

W ()= ult) + (0~ ). Pt = 5o [ ety
Using w®(¢) in (16) we get

(ur (t), w" (8) = u(t)) — (H(u), w" (t) — u(®))v: v + Fa(w (1)) = Falu(t)) = 0,

that is,
(ur(t),e(p(t) = @(1))) — (H(u),e0(t))vr,v + Fa(w () — Fa(u(t)) = 0, (28)
where we used the fact that (H(u), ¢)v/,y = 0 for all constants ¢ € R (see (I0)). We need to prove
i DI o 008 e 0) 29)
€ e I

Note that, since ¢ < &1, both ug,(t) + a and ug,(t) + a + €@, (t) are uniformly bounded away from zero.
We observe that

.Fa(u(t)) - Fa(we(t)) _ 1/ [@a(uzz(t)) — (I)a(um(t) + 580&”6(15))} dz

€ eJr

> = [ PP, 102 (0) + 2pret) o
Clearly . (t) P!, (uzz(t) + €pza(t)) converges to v, (1) P!, (ugs(t)) a.e.. Note also that
D! (g (t) + P (t)) = 10g(Uaar (1) + £Puz(t) + @) + (Upe(t) + epua(t) + a)?/2,

with
Uz (1) +01/2 + a > Upy(t) + €0pa(t) +a > 01/2
due to the choice of d1,e1 > 0. Thus
108 (U (t) + €@a (1) + @) + (Uge () + €020 (8) + a)?/2 < [10g(01/2)| + (e (t) + 61/2 + a)* /2 € L} (1),

and, by Lebesgue dominated convergence theorem, we have

lim sup fa(U(t)) — fa(ws <t)) Z 11?1 - /] Para (t)q); (Ur'p (t) + EPxx (t)) dﬂ? - — /I Pra (t)(D:l(Umr (t)) dl',

e €

or equivalently,

lim inf Fa(w' () —

E - fa(u(t)) < /IQOxx(t)(I):l(uxx(t))dx.

Dividing (28) by ¢ and passing to the limit ¢ — 0T gives
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0<(us(t), (1) — @(t)) — (H(u), p(t))vr.v +/I<pm(t)‘1>fz(um(t))dx-

Case 2. Assume L*(E?(t)) > 0 forall § > 0. Let M (y) := 2sup, |¢zx(t, )|,

e=elp,0,t) = 6/(1+ M(p)), w(t) = u’(t) +e(p(t) — (1)), p(t) := %/jap(t,x) da. (30)
Since L1(E’(t)) — 0 as § — 07 (see (26)), and in view of Step 2 (iii), it follows that
e=00),  |u'@®) - u®lv = o). (31)

Taking w*(t) in (16) yields

(ug(t),u’ (t) — u(t) + e(p(t) — (1)) — (H(u(t), u’ (t) — u(t) + ep(t))v,v
+ Fa(u'(t) + ep(t)) — Fal(u(t)) >0, (32)

By the mean value theorem, we have

}—a(ué(t) +ep(t)) — Falu(t)) = [(I)a(uém(t) + €Pze(t)) — (I)a(umx(t))} dz

(Uéw (t) = Uaa () + €02z (1)) P, (97 (1)) da,

—

S(t,0)
where
S(t,9) == {u‘fm(t) + e@ua(t) # uza(t)}
and
min{u® (t,x) + e0ue(t, ), Upe (t, 2)} < 95 (t, ) < max{ul, (t, ) + ppe(t, ), Use (t, )} (33)
for any . Next we establish the Lebesgue measurability of S(¢,0) > « — ¥(¢,z). For z € S(t, ) it holds

Pq (uiz (t) + epaa(t)) — Paluaza(t)) = (ugzm () + epaa(t) — e (1)) P, (V°(L, 7)),
hence
Do (uf, (1) + ra(t) = Paluea(t))
ugx (t) + €Pua(t) — uze(t)
For £ > —a, @/ (&) = (£ +a)?/2 + log(¢ + a) + 1 is injective, hence we have
e _ay—1 [ Qa (udy () + €@ua(t)) — Paluaa(t))
v = (MG )
which proves the Lebesgue measurability of « — ¢ (¢, z) on S(¢,9).

Dividing by ¢ and taking the limit § — 07 in (32) gives

O, (0°(t, 7)) =

(u (1), (t) = (1)) = (H(u(t), o) v v + liméinf/S(t 5 Paa (1) P (0°(2)) d

1 u5 —u / c .
+ - \/S(t’é)( ww(t) a:m(t))q)a('ﬂ (t))d > 0) (34)

where we used the fact that ||u°(t) — u(t)|v = o(¢), and u is Lipschitz in time, and by (B1),
lime ™" (uy (), u’ (t) = u(t)) = 0,
1i§na_1|<7-l(u(t)), u&(t) _ U(t)>v’,V| < 011?16_1Hu1¢(t)“L3(1)||u6(t) - u(t)HV =0

for some C > 0.



10 IRENE FONSECA, GIOVANNI LEONI AND XIN YANG LU

We claim that
1
Jim & / (U8 () — 1o (£)), (9% (¢)) dzr = 0.
6 € Js(t,9)

Note that on I\ E%(t) it holds u,, + a > &, hence by (24) and (27), we have

(1) + a > minfud, (1) + epua (D), taa (1)) +a
> Upe(t) + a — 8(1/2 + LYE (1)) /210) > (uae(t) + a)/3,
for all § such that £!(E°(t)) < n/3, and

P(t)+a < max{ugw (t) + ez (t), zz ()} + a < Uze(t) +a + 1
for all § < 3/2. Hence

|5, (9°(2))]

< | 1og(Usz (t) + a)| + |log(tee (t) + a + 1)] +log3 + (uze(t) +a + 1)* =: g(t) € L*(I).

By (24) and (27), on I\ E’(t) it holds
g () — aa (t)] < OLM(E'(2)),

T

hence
1

€ /(I\E5(t))ﬂs(t,5)
where we have used the definition of ¢ as in (30). On E°(t) it holds

ud, () + e@aa(t) +a > 5(; _ 51(]2577‘:(15))

| (g () = (1)) @4 (9% (1)) da < 2L1(E° () | g(t) |2 () — O,

)Z(mm+aV&

hence
() +a > min{ufm(t) + @ (t), upe(t)} + a > (uge +a)/3,

(35)

(36)

(37)

thus (36) still holds. Since [ul, () — uz(t)] < 6(5 + m), we have, under the additional assumption

2
5 <3/5,
1
3 (e (6) = a () B ()] do < 2] g(O)1get0) = 0
€ JES()NS(t,6)
and (35) is proven.
Now we show that
tin [ OO (0) do = [ a0 (e(0)) do
5 JS(t,06) I

By definition of S(¢,d), we have
INS(t,6) = {z : ul,(t, ) + e@aa(t, ) — e (t, ) = 0},
thus for any ¢ it holds

o:f/ o (42, (£) + £ (1)) — Dot (1))] da
€ J1\S(t,6)

1

i ué c . " N
= 5 /1\5(,575)( :r:v(t) + (pxa:(t) zw(t))q)a( :vw(t))d

From the construction of u?,,, we get

(38)

(39)
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uim(ta .’E) — uwiﬁ(tv :L’)
e

O (uze(t))|dx

/J\S(t,a)

ufcw(t’ ‘T) — uﬂi(tv 93)
g

dx

(I); (um (t))

/(I\S(t,J))ﬁ(I\EE(t))

+ / dx
(I\S(t,8))NE?(t)

1 § 1 5
< 4 1) (LD )l + (14 D) ) () rceray ) — 0.

where we used and the fact that on E°(t), [uS, — uz.| = O(5) (see (33)).

This, together with (39), gives / Ouw(t)® (U (t)) dx — 0. Let
1\S(t,)

uiw(t’ 'T) — um(t, l‘) I
- (I)a(uww(t))

< _f v%(t,w)  ifx e S(t0),
(b @) = { wee(t,7) ifz & S(t,0).
Hence
hm/ Pz ()P (9°(1)) dz = lim Pae ()P (9°(1)) da + lim/ Oz ()P (uge (1)) dz
t,6) 5 Js,9) \S(t,8)

= lim / P ()2 (9° (1)) dz
I
thus (38) is equivalent to proving that

lim / e (OB (1) Az = [ pra(t)®] (1 (1)) dt. (40)
I

By construction, ud,, (t) + e@uz(t) — Uz (t) a.e., hence 9°(t) — ., (t) a.e. Therefore, follows from
and Lebesgue dominated convergence theorem.
In view of (35) and (38), passing to the limit § — 0T in (34) we get

/ w(t) (o) — p(t)) dz > / [H (1120 (1)) () — !, (110 (£)) 0 (1)] .

I I
The above argument can be repeated for any ¢ in

{t € (0,T) : [T6) holds, log(us.(t) +a) € L'(I), u(t) € V},

which has full measure, yielding

/ () (t) — p(t)) dz > / [H (20 (1) (£) — ® (110 () pus ()] dz forae 1.

I I
Integrating in time gives

T T
[ [uwtrew) —awndear= [ [ [Hual0)e®) - 0,0 0] do (41)
0 I 0 I

Since v is Lipschitz in time and ¢ is smooth, we have sufficient regularity to integrate by parts, hence

T
/ /ut t)ydaxdt = / (1) ( / u(t) dx) dt =0,
0 I
and becomes

/ /ut t)dz dt > / / (U ()02 (t) — Pl (g (1)) P (t)] da dt. (42)
Replacing ¢ with —¢ in (42), we conclude (19). O
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